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Abstract

STATISTICAL CLASSIFICATION USING SELECTION AND RANKING METHODOLOGIES
WITH STATISTICAL LEARNING
by
Jeong Jun Lee
Professor Hokwon Cho, Ph.D., Examination Committee Chair

University of Nevada, Las Vegas, USA

The subject of Statistical Classification is concerned with identifying and allocating future
observations into one of the pre-categorized classes based on the characteristics of the objects.
Typically, these decisions to classify and categorize the objects have been dependent on identifying
a system of classification, and from there, determining attributes for sorting.

In past decades, from discriminant analysis, various methods have been developed for clas-
sification. In particular, the rise of artificial intelligence (Al), machine learning, and statistical
learning theory has made it possible to consider improving the existing methods along with new
developments and more comprehensive schemes in conjunction with data-driven methods.

In this dissertation, we propose innovation using multiple decision-theoretic perspectives, such
as the Indifference-Zone (IZ) approach and the Subset Selection (SS) method, to improve and clarify

how these classification decisions can be made.
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Chapter 1

Introduction

In many fields of study, namely financial, educational, and social problems, we are faced with
assigning observations to one of two or more groups based on given information. For example,
a department of a college sends an admission or rejection letter to an applicant who submitted
the exam scores. The department already has data from previous years with all the test scores of
the applicants and the corresponding group information of either admitted or rejected. Based on
such data, the admission officer can make a rule to classify the applicants into one of two groups.
Any procedure related to the above problem is called classification. Classification is a statistical
procedure that identifies and allocates the observations into a known number of groups(or classes)
based on a classifying rule or a classifier. In a classification problem, we have observations that are
grouped and we want to classify a new observation into one of the known groups. Then, we need to
construct a rule from the given grouped data set and apply the rule to the new observation. When we
do so, we divide the data set into two parts; training data set and testing data set. After constructing
the classifying rule using the training data, the rule is evaluated by checking the classification
performance through the remaining data, the test data. Statistical learning takes place while finding

and improving classifying rules through training data and testing data.

Since the data set for statistical classification consists of both the response variable as a



class and the explanatory variables, statistical classification is referred to as supervised learning.
An example of unsupervised learning is clustering, which identifies and groups data sets based on
similarities, regardless of specific outcomes. The main objective of statistical classification has been
focused on finding rules that assign individuals to the groups and finding better rules that improve
the accuracy of the process. Moreover, most of the various classification methods to achieve this
goal focus on reducing the dimensionality of the data set. Since Fisher’s linear discriminant analysis,
statistical classification has evolved towards finding better classifiers by reducing the dimensionality

of the variables.

1.1 Motivation of the Problem

Following the advent and rise of artificial intelligence (AI) and learning theory, statistical
classification can be viewed from the perspective of statistical decision theory. James O. Berger
(1989) states that ”Statistical decision theory is concerned with the making of decisions when in the
presence of statistical knowledge (data) which sheds light on some of the uncertainties involved in
the decision problem”(p. 217) [9]. The basic concept of statistical decision theory starts with an
action and we quantify the gain or loss as we take the action. When we have two possible actions,
we call it a binary decision problem, and when there are more than two possible actions, it is called
a multiple decision problem. To solve the multiple decision problems, we use a method of multiple
comparisons or the Selection and Ranking Methodologies. We will describe more about the Selec-
tion and Ranking Methodologies in Chapter 2. A statistical multiple decision-theoretic perspective
on classification did not come out of nowhere. A. Wald, known as a founder of statistical decision
theory, formulated to solve the classification problem of two groups by setting the hypotheses and
using the Neyman-Pearson lemma in his 1944 paper [66]. Bechhofer et al. (1968) [6] approached
and solved the selection problems as an identification problem using Wald’s sequential analysis.

Statistical multiple decision theory therefore has roots in statistical classification.



Looking at statistical classification and statistical multiple decision theory, this is both an
identification process and a decision-making process. Thus, we want to combine the components of
two procedures. From the perspective of statistical multiple decision theory, assigning an object
to the group it belongs to will result in a correct decision, while assigning an object to the wrong
group will result in a wrong decision. We could say that improving statistical classification is
about finding some way to make the correct decision (correct classification) better by increasing
the probability of the correct decision. In this dissertation, we are interested in the methods of
improving statistical classification from a multiple decision-theoretic perspective and propose two
methods that contribute to statistical classification.

One approach we propose is to introduce new variables into the classification problem. In
various methods, statistical classification has been improved to find a better classifying function
by reducing the dimensionality of the variables or using existing variables to create higher-order
dimensions. Our first suggestion is not limited to finding such classifying functions. Instead of
creating higher-order classifying functions, we strive to find variables that help separate the groups
better, i.e., we add a new variable to the problem. If adding a new variable to the problem increases
the separability, which is a measure of how far apart the groups are, in a higher dimensional space,
one should include that variable in the problem rather than looking for a way to reduce dimen-
sionality. As the cost of storing and extracting data has become more affordable and, thanks to
the advancement of technology, incorporating a variable or vector of variables into a classification
process has become much more pragmatic. We also propose a method to improve statistical classifi-
cation by selecting the predictor variables that increase the separability among the existing variables.
Decision makers already have a large number of variables and want to select those that will increase
the relevance and decrease the redundancy. We apply the Selection and Ranking Methodologies for
this process and will select the variables with a high correlation to the response variable and a low
correlation to the predictor variables. The Indifference-Zone approach of the Selection and Ranking
Methodologies with the multiple correlation coefficients will be used for this method.

In addition, one of the most frequently discussed areas in recent statistical studies is statistical



learning theory. As mentioned above, learning can be categorized into two big parts: supervised
learning and unsupervised learning. The most familiar problems in the supervised learning are the
classification and the regression. Then, clustering belongs to unsupervised learning. In light of the
statistical learning theory, the selection and ranking methodologies can be viewed as either super-
vised or unsupervised learning because the Indifference-Zone approach and the Subset Selection
method are related to the classification and clustering, respectively.

Thus, in this dissertation, we investigate the application of selection problems to statistical
classification and extend selection problems further to statistical learning theory. Eventually, we

will examine ways to increase the probability of correct decision in classification problem.

1.2 Outline of the Thesis

We begin by reviewing statistical classification, the Selection and Ranking Methodologies,
and statistical learning in Chapter 2. We review statistical classification by checking the various
techniques. The probabilities that measure the accuracy of the classification process are explained
along with the total probability of misclassification (TPM). A decision boundary to allocate a new
observation based on the minimum TPM rule is provided. Then, we review the selection and
ranking methodologies, which are the methodologies of selection in the field of statistical multiple
decision theory. Here, two approaches to the selection methods are presented and we describe
the formulations of both the indifference-zone approach and the subset selection method. The
probability requirements to guarantee a correct decision for both approaches are illustrated. Also, a
multivariate indifference-zone approach which is an extension of the univariate indifference-zone
approach is described. Then, a review of Statistical Learning is provided.

In Chapter 3 a new method to improve statistical classification is proposed. If we could find
a variable that separates the groups better and we examine whether the probability of a correct
decision gets improved. If we attain a higher probability, we call the variable the preferable predictor

vector. A simulated bivariate example is provided and the probability of correct classification and



the accuracy from the confusion matrix are used to measure the performance of the classification
procedure. In addition, the conditions of the preferable predictor vector are examined. It is shown
that they are connected with the separability.

In Chapter 4 we investigate the indifference-zone approach from the point view of classification
and statistical learning. We update the discerning measure of distance, d, in the indifference-zone
approach to improve the probability of a correct decision in the sense of statistical learning.

In Chapter 5 we suggest a method to improve statistical classification by selecting the predictor
variables among the existing ones based on relevance and redundancy. We will use the indifference-
zone approach using the correlation coefficients and the multiple correlation coefficients to select
appropriate variables.

In Chapter 6 we conclude this dissertation with a summary and discussion of the future

research.



Chapter 2

Review of the Literature and Existing

Methods

2.1 Statistical Classification

In modern statistics, classification is of great interest to researchers and scientists who need to
analyze rich data and make predictions based on it. Reflecting such needs, various classification
methods have been developed since it was discussed by R.A. Fisher (1938) [24]. R.A. Fisher
introduced a function that maximizes the separation of observations from two populations through a

linear combination of their features. This linear combination transforms multivariate observations

.. . . ) squared distance between sample means
to univariate observations by maximizing the ratio of ( - )
sample variance

He assumed that both populations had the same covariance matrix and the function was called linear
discriminant.

The goal of statistical classification is to allocate a new observation to one of the groups based
on the features (input variables) that are associated with observation. The groups are either known
or sorted by the practitioner. The practitioner already has the data from experience and it includes

the information about the group to which an observation belongs. When the group information

is included, the practitioner does not need to sort them into groups and the group information is



considered a response variable. Otherwise, there are data consisting of only input variables without
response variable, and the practitioner needs to group them. There are data consisting of only input
variables without response variables, and practitioners need to group them. The former situation can
be represented by classification, and the latter is well-known as clustering or pattern recognition.
The process of allocating the observations can be divided into two steps. In the first step, one uses a
part of the data, the training data set, to build a rule to assign the observations from the experience
to one of the known groups. The rule called a classifier (like Fisher’s discriminant), is built based on
the input variables through the learning process. Thus, this rule is the target function of the learning
process. In the second step, we want to validate the optimized target function in the first step using
the rest of the data, called the testing data set. This learning process is called supervised learning
because the response variable (as the group information) exists in the data set. If the data set does
not have any response variable like in the clustering case, it is categorized as unsupervised learning.
In the second step of validation, the performance of classification (i.e. the accuracy of the rule)
must be assessed and the misclassification rate is used as a measure of accuracy.

From Fisher’s discriminant, the techniques of statistical classification have been expanded.
Linear Discriminant Analysis (LDA) finds a projection to maximize the ratio of the between group
variances to the within group variances under the assumption of the normal distributions and the
same covariance matrix structures. Quadratic Discriminant Analysis (QDA) loosens the assumption
of the identical covariance structures from LDA. K-Nearest Neighbor (KNN) classifies the data with
distribution free model only depending on the distance measures. Classification and Regression
Trees (CART) and Random Forest are popular Decision Tree Learning methods. Neural Networks
or Artificial Neural Networks (ANNs) is based on the dynamics of connections between the nodes

as the input and the output.



2.1.1 Existing Methods of Classification
Discriminant Analysis (Linear or Quadratic Discriminant Analysis)

Discriminant Analysis classifies the observations into two or more known categories with no
overlapping parts. It is very similar to regression except that the response variable is categorical. It
started with Fisher’s idea to separate two groups by making the spread within groups small and the
mean difference between groups big. Suppose f;(x) is the p-variate normal density with a mean
vector of y; and the covariance matrix of »J;, 2 = 1, 2. Then, the goal is to maximize the ratio of
the between-groups variance to the within-groups variance. The result shows that w'x = c is the
decision boundary, where w'x is the dot product, and c is a threshold of the dot product, given by
¢ = W'%(p1 + p2). The w that maximizes the above ratio is w = (31 + 22) (1 — p2). Here, w
is the projection vector onto which x is transformed and where the mean difference of transformed
values is maximized. Also, w is orthogonal to the decision rule.

Linear Discriminant Analysis (LDA) assumes the same covariance matrix, >; = >y = X, and
then w = X7 (g — o).

The decision rule on a new observation, xg, becomes:

Allocate Xg to group 1 if (pu; — p2)' S %0 > 3(p1 — p2)’ S (ju1 + p2), otherwise allocate to
group 2.

This result is the same as the one using the minimum expected cost of misclassification (ECM) rule
under the same cost and the same prior, that is, the classification rule of LDA is identical to the

allocation rule from the minimum ECM rule, where

ECM = Z P(misclassification) x P(prior)x (cost of misclassification).

a
misclassified
points

If we assume non-homogeneity of the variance-covariance matrices, using the minimum ECM
rule, we get the decision rule as:

Allocate xq to group 1 if



—IR(T = B+ (D - x> ST — s e) + S log (2.
Allocate x¢ to group 2 otherwise.
This rule is calculated from the ratio of joint densities of x of group 1 and group 2, fi(x)/f2(x),

and has the form of quadratic function of x. That is why this classification rule is called a quadratic

discriminant analysis (QDA).

Support Vector Machines

Support Vector Machines (SVMs) were invented and developed by Vladimir N. Vapnik in
1963 [65]. There are three different types of classifiers depending on the situation. One of the
most popular techniques as a classifier is the Maximal Margin Classifier (MMC), which uses the
separating hyperplane. The other classifier is the Support Vector Classifier (SVC) and the third
one is Support Vector Machine (SVM). The MMC is used when the groups are strictly linearly
separable. The SVC is used when the classes are not linearly separable. In both cases, the classifier
is still a linear hyperplane of the feature space. If the boundary of the groups cannot be linear, then
the Support Vector Machine is appropriate. First, let’s focus on the case when the decision boundary
is linear.

When the classes are linearly separable, we can imagine a separating hyperplane between
classes as a decision boundary. The dimension of the separating hyperplane is 1 less than the
dimension of the data space. For example, if the process has two variables, the separating hyperplane
will be a line, and if the model has three variables, the separating hyperplane will be a two-
dimensional plane. The linear decision boundary separates the groups completely and if a new point
falls on one side of the decision boundary, the point can be assigned to that group.

Then, how can we decide the decision boundary? There are plenty of hyperplanes between
two groups when they are linearly separable. Among those hyperplanes, the one that creates the
furthest distance to each group as a classifier or a decision boundary is the maximal margin classifier
(MMC). The distance is defined as the perpendicular distance from the hyperplane to the nearest

data point of the group and this distance is called the Margin. Here, the MMC depends only on



the nearest data points of each group and those data points are called Support Vectors. Then, the
margin is the perpendicular distance from the separating hyperplane to support vectors. In a linearly
separable case, the margin is positive and called a hard margin. To find the MMC we first draw
two parallel hyperplanes passing through the support vectors of each group. Then, we choose the
orientation of the hyperplane to maximize the perpendicular distance between parallel hyperplanes.
The hyperplane located right in the middle of two parallel hyperplanes is the MMC. In the two-group
case, we have paired p-dimensional data points X and y = either 1 or —1 depending on the group.
Then, the problem reduces to finding a separating hyperplane such that w'x + ¢ = 0, where w is
the normal vector to the hyperplane and c is a constant. Therefore, finding such a hyperplane is

solving an optimization problem under some constraints for n data points as
1 ,
min §||’w||2 st oy(wz; +¢)>1, i=1,2,...,n,

where ||w|| is Ly norm.

When it comes to the linearly inseparable groups, the points located on the wrong side of
the linear decision boundary seem inevitable and it becomes impossible to get the MMC. We
need to consider whether we still want to create the linear separator keeping some misclassified
points that generate negative margins. A soft margin occurs in this situation. To create the linear
separator, we sacrifice some points as misclassified and still maximize the margin. There is a
trade-off between maximizing the margin and minimizing the number of misclassified points. The
problem is modified by adding a new variable (slack variable) as the penalty for the misclassified
points. Under the constraints of the slack variable, a linear decision boundary is the solution to the

following optimization problem.
1
min §||w||2 +MZ& st yi(wr+e)>1-& , i=1,2,...,n,

where &; is the distance of x; as a margin if it is on the wrong side of the decision boundary,

otherwise, it’s zero. Here, M is a parameter for the trade-off above. If M is large, the optimization

10



puts more weight on avoiding misclassification, even if the margins are kept small. When M is
small, the optimization focuses more on maximizing the margin rather than on misclassification. If
M is large, it is close to the hard margin case. We use Lagrange Multiplier to solve this problem to
fit the separating hyperplane. This decision boundary is the Support Vector Classifier (SVC).
Another way to solve the linearly inseparable problem is to use Support Vector Machine(SVM).
In this method, data are mapped into a higher dimension and, when mapped, data are transformed
using kernel function since it transforms the dot product of data. This procedure is called Kernel
Trick. Then, we find the decision boundary in the transformed data space. This decision boundary
is the hyperplane of the transformed data space and is linear in the transformed data space. In the
original data space, however, the decision boundary becomes nonlinear. There are 3 widely used

kernel functions.

e Polynomial Kernel : k(z;,z;) = (z; - x; + a)°

2
 lwi—ajll

* Radial basis Kernel : k(x;,z;) = e — 20?
* Sigmoidal Kernel : k(z;, z;) = tanh(ax; - z; — b),

where k(x;, x;) is a kernel function, z; - x; is a dot product, and a and b are the parameters defining

kernel’s behavior.

K-Nearest Neighbor

K-Nearest Neighbor is an algorithm to classify the observations based on the distance from the
observation to its neighbors and was developed by Thomas M. Cover and Peter E. Hart in 1967 [17].
In two groups case, for an observation to be classified, we measure the distance of the observation to
all neighbors and order them. All neighbors are already classified as one of two groups so KNN is a
supervised learning. We allocate the observation to the group with a majority among the K nearest
neighbors. Here, one needs to make the decision on K and the distance measure. A bias-variance
tradeoff for observational prediction (or classification) may occur depending on K. When K is too

small, the model is affected by outliers and it is less stable. The model has a smaller bias but shows

11



a higher variance in prediction. On the other hand, when K is too large, the model is more stable
with less variance but the bias in prediction happens. In practice, K = \/Zn), n is the number of
observations, is the rule of thumb. Euclidean distance, Manhattan distance, and Minkowski distance

are used as distance metrics.

Decision Tree Learning

A decision tree is a non-parametric supervised learning procedure for prediction, i.e., clas-
sification or regression, and was proposed by James N. Morgan and John A. Sonquist in 1963
[49]. It has several advantages in that it is easy to understand and interpret and does not require
distributional assumptions. Nodes and branches make tree-shaped decision flow. On each node, a
test on a variable is run and the results of the test follow the branches which connect to the next
nodes. The initial node is the root of the tree and the terminal node(leaf) indicates the class of the
input data. In each node, the variable to be tested is determined by the calculation of Gini Impurity
or Information Gain. Gini Impurity is a number between 0 and 1, where 0 means all data points are

assigned to one class and 1 means randomly assigning the data to classes.

Gini impurity(D) = 1 — Z p(c)?,
ceC

where D is any variable in the data set with C classes and p(-) is the probability that an observation
belongs to class of c.

Information Gain uses the entropy of variables at the given node. Entropy ranges from O to
1. When all the data points fall in one class, the entropy is 0. If half of the data points are in one
class and the other half are in the other class, then the entropy equals 1. On top of the tree, the first
variable tested is the variable with the smallest entropy. Then, a variable with a higher Information
Gain is tested on the next node. To choose this variable, Information Gain from the current variable
to the next each variable needs to be calculated. Repeat this process to the final variable. Again, D

is any variable in the data set, C' represents the classes in the variable of D, and A is the variable
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with class a.

Entropy(D) = — ZP(C) log, p(c)
ceC

Information Gain(D, a) = Entropy(D) — Entropy(D|a)
— =3 () logy () — 3 ~p(cla) logy p(cla).

ceC ceC

On average,
Information Gain(D, A) = Entropy(D) — Entropy(D|A), where a € A,

and

Entropy(D|A) = > "p(a) Y _ —p(cla) log, p(c|a).

a€A ceC

The performance of a Decision Tree can be measured by accuracy, precision, or sensitivity
from the confusion matrix that is explained in Table 2.1. Classification and Regression Tree (CART)

and Random Forest are popular algorithms.

Neural Networks

Neural networks are a series of decision-making algorithms or non-linear statistical data
modeling similar in structure to neurons in the human brain. McCulloch and Pitts (1943) [46] first
introduced neural network with neurons and layers. A neural network has many different layers and
each layer consists of interconnected neurons. On the one hand, the input layer receives the data and,
on the other hand, there is an output layer. In between, there could be multiple hidden layers. If the
data are given to the neurons of the input layer, the weighted sum of neurons of the input layer added
by some constant, a bias, produces the output to the neuron in the next layer(hidden layer). It has
the form of > (weight X input) + bias. Then, a nonlinear function called an activation function
evaluates the output of the previous layer which is the input to the neuron of the current layer, and
determines whether the current neuron will be included for the calculation of the output to the next

layer. The sigmoid function, f(x) = (1 +¢“)", is one of the most widely used activation functions.
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Other choices are Tanh function, f(z) = tanh(z), and ReLU function, f(z) = max(0,x). A
weighted sum of the activated neurons and the activation function passes the data to the next layer
again.

In this process, the data propagates forward from the input layer to the output layer. In the
learning process, based on the results of the classification of the test data, the system adjusts the
weights and biases of each layer backward to minimize the misclassification rate. The gradient
descent method using the backpropagation algorithm is used to adjust the weights and biases.
Through the learning process, this propagation forward and backpropagation iterate until the system

classifies data correctly.

2.1.2 Probabilities of Correct Classification and Incorrect Classification

Suppose there are two populations, G; and G, representing each class. An observation X
of the p-variate vector comes from one of these two groups. Let f;(-) and f»(-) denote the pdf of
observations from G; and G, respectfully. All observations belong to one of two sets, {2; or {2,
which consists of €2, the sample space. When we need to allocate a new observation, we assign this
new observation to population Gy if it belongs to €2; or if it is included in the set of (2o, then it is
classified to population Gs. In case £2; N {25 exists and we need to allocate the observations to one of
two classes based on a certain classification rule, chances are that we will allocate the observations
incorrectly, that is, we will assign an observation from Gy to G2, or assign an observation from Go
to G;. We want to construct a rule, a classification function, that minimizes the chance of making
such mistakes, i.e., the probability of misclassification.

The rule divides the sample space into two regions, R; and Ro which are disjoint. If the
observation belongs to R, we assign the observation to G;. If the observation belongs to Ry =
2 — Ry, we classify the observation as Go. The other factor we can consider is the prior probability
of occurrence. Also, the cost of misclassification may be taken into account. If allocating an
object from G as Gg costs much more than allocating an object from G as Gy, this allocation

must be decided with greater caution. We can express the probability of misclassification or
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correct classification of an object from G in terms of the conditional probabilities, P(-|G1). The
probability of misclassification of an object from Gy can be written as the conditional probability
of P(G2|G1) and the probability of correct classification of an object from Gy is the conditional
probability of P(G1|G1). If we use the density functions, f;(x) or f(x), and the integration over

the corresponding set, R; or R, the probabilities of correct classification are

P(G1|G1) = P(Xis allocated to G1|X is from Gq)

=PXeR|X~fi(x)) = / f1(x)dx

Ri

P(G2|Gg) = P(Xis allocated to Gz|X is from Ga)

=P(X eRo|X ~ fr(x)) = / fo(x)dx.

R2

Likewise,

P(G1|Gz) = P(X € Ry |X ~ f5(x)) = [, fa(x)dx and

P(G2|G1) = P(X € Ra|X ~ f1(x)) = [, fi(x)dx are for the case of incorrect classifications.
If we consider the prior probability to draw the unconditional probabilities, we can express the

probability of correct classification of an observation that is assigned to Gy is as follows.

P( Xis correctly classified as G1)

= P( Xis from Gy and allocated to G1)

= P(Xis from G;) x P(X is allocated to G1|X is from G1)
= P(G1)P(X € R4|Gy)

:plp(GlyGl)
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The unconditional probability of incorrect classification of an observation that is assigned to Gq is

P( Xis incorrectly classified as G1)

= P( Xis from Gy and allocated to G1)

= P(X is from G3) x P(X is allocated to G1|X is from G2)
= P(G3)P(X € R;|G>)

= p2P<G1’G2)
Then,

P( X is correctly classified as Gz) = p2 P(G2|G2)

P( X is incorrectly classified as Gz2) = p; P(G2|G1).

Here, P(G1) = p; and P(Gg) = ps are the prior probabilities and p; + p, = 1.

Taking the cost of misclassification into consideration, let ¢(G1|Gz) be the cost when we
incorrectly assign X as G and ¢(Gz|G) be the cost when we incorrectly assign X as Go. There
is no cost when the classification is correct (¢(G1|G1) = ¢(G2|Gz) = 0). Then, we can calculate

the expected cost of misclassification (ECM) from 2.1.1 as

ECM = Z P(misclassification) x P(prior)x (cost of misclassification)

all misclassified
points

= P(Gg‘Gl) X pp X C(G2|G1) + P(Glsz) X P X C<G1|G2>

and we find a classifying rule by minimizing the ECM.
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2.1.3 Total Probability of Misclassification and Apparent Error Rate
Total Probability of Misclassification

The total probability of misclassification (TPM) given any classification rule can be calculated
when the distribution of the population is known and the prior probability also is known. Suppose
again Gy ~ f1(+), G2 ~ fa(-), P(G1) = p1, and P(Gz) = po. From Figure 2.1, area A and area

B are the cases where the misclassifications happen if the blue line is the classification rule.

1

/

Go

4

Figure 2.1: Bivariate Classification Example

Thus, the TPM is the probability for the area of A and B. Then, the TPM using the conditional
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probabilities for the bivariate case can be expressed as follows.

TPM = P(from G and misclassified ) + P( from Gz and misclassified)
= P( from G; ) x P( assigned to G, | from Gy )
+ P(from Gy ) x P( assigned to G; | from G ) (2.1

= p1P(G2|Gy1) + p2 P(G1]|Gz2)

/fl dX+P2/f2

where x is the observation vector, i.e., x = (x1, z5). The penultimate equality is simply the sum of
two incorrect classification probabilities from the last section.

When we find the classifying criteria by minimizing the total probability of misclassification (TPM),
it is the same problem as we minimize the ECM with identical costs. Then, we have a rule to
allocate a new observation, Xq as:

Allocate xg as Gq if

fl( ) p2
fz(Xo) P1

Otherwise, we allocate xq as Ga.

1
2

TPM = % ( /B Fi(x)dx + /,4 fg(X)dX) | 2.2)

f1(%o) »
f2(%o0) =1

If we have equal prior probabilities for populations, i.e., p; = py =

Then, the corresponding classifying rule becomes “classify xq as Gy if

Apparent Error Rate

The calculation of TPM depends on the distributions of the populations. If we don’t know the
distributions of the populations, we still can measure the probability of misclassification. From

the ratio of the frequencies by simply counting the number of observations classified correctly or

18



incorrectly, we can. The below show the confusion matrix for calculating the ratio.

Assigned to Total

G, G,

Gl NGlcor NGlmis NGl

Observations from
G2 NGgmis NGzcor NG

Table 2.1: Confusion Matrix

* Ng, = number of observations from population 1, G

* Ng, = number of observations from population 2, G

* Ng,cor = number of observations correctly assigned to G4

* Ng,mis = number of observations incorrectly assigned to Go
* Ng,cor = number of observations correctly assigned to G

* Ng,mis = number of observations incorrectly assigned to Gy
* NGimis = Na; — Naycor a0d Naymis = Nay, — Nageor

The apparent error rate(APER) can be expressed as a ratio of the number of misclassified observa-

tions to the total number of observations,

NGlmis + Nszis
Ng, + Ng,
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If we apply the relationship of counts between correctly classified and incorrectly classified,

Naymis + Naamis
NG1 —+ ]\7(_;2
Ng, — Ngycor + Nay — Naseor
Ng, + Ng,
B Ngicor + Nayeor
NG1 -+ NG2

APER =

=1

= 1— Accuarcy.

2.1.4 Classifying Multivariate Normal Populations with Minimum TPM Rule

Let f1(x), fo(x) be p-variate normal densities with mean vectors j; and p2 and the covari-
ance matrices >; and Yo, respectively. For simplicity, let’s assume the covariance matrices are

identical(¥X; = ¥y = X)) and is positive definite. Then, the density of X from population G is

1 1 /I5v—1
fi(x) = - ez (x—p1)'E (X*M1)7 (2.3)
1) EHBE

where |X| is the determinant of . The joint density of X from population G is likewise.

If we use the minimum TPM rule from 2.1.3, a new observation of xg is allocated to G if

f1(x0) s P2
falx0) ~ 1’

where p; and p, are prior probabilities. Then, the rule can be written as follows taking logarithm on

both sides of the above inequality.

1
(11 — p2)' S 1% — 5(#1 — 1) S (g + o) > log (%j) 2.4)
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The rule is a linear function of x¢. Also, if we assume the same prior, p; = po, this rule becomes

identical to the decision rule of LDA in 2.1.1.

1
(1 — p2)' Y 'x0 > 5(#1 — p2)' S (i + ) (2.5)

When i, 12, and 3 are unknown, we estimate those parameters and plug X;, X2, and Sp,eq in,
Sl<n1 — 1) 52<n2 — 1)
(m—1)+(m2—1)  (n1—1)+(n2—1)
matrices. S and S, are the sample covariance matrices. Then, we get

where Spooed = since we assume the same covariance

1

(%1 = X2)'S ppeaX0 = 5 (&= X2)'Spootea(X1 + X2). (2.6)

2.2 The Selection and Ranking Methodologies

The selection and ranking methodologies (SRM) have long historical roots. The methodologies
were introduced by several prominent statisticians through the publications of Bechhofer(1954)
[4], Bechhofer and Sobel (1954) [8], and Gupta (1956) [31]. Since then, the results of more than
two decades of research are summarized in two books; Gibbons et al (1977) [27] and Gupta and
Panchapakesan (1979) [33]. The goal of the selection and ranking methodologies is to select
the “best” population among many alternatives. In the problem of multiple comparisons of k(>
2) populations, the methodologies provide more diversified approaches than the conventional
approaches such as the analysis of variance (ANOVA) or investigating the least significant difference
(LSD). Following those books, many research papers and books were published and the selection
and ranking methodologies contributed great impacts on the development and advancement of the
statistical multiple decision theory.

In classical statistics, the researchers conducted hypothesis tests to compare the multiple
populations. The null hypothesis is set such that the values in which the researcher is interested
are common for all populations. Then, the null hypothesis may or may not be rejected against

alternatives when samples are taken to test it. Depending on the test results (rejecting or failing to
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reject the hypothesis) a decision can be made as to whether the values of interest are homogeneous or
there exist differences among them. One of the most widely used methods of comparing problems of
multiple populations was ANOVA. When the ANOVA test rejected the null hypothesis of common
value of interest, the researchers were confronted with new questions such as “If the difference
among populations exists, then which population is different from which other populations?” or
“Which one could we select as the best(or worst) population?” After deciding to reject the null
hypothesis, it was natural for those questions to follow. This is because the purpose of statistical
tests for the null hypothesis of homogeneity is generally not to indicate homogeneity of population
values, but to determine whether differences exist. For example, when a pharmaceutical company
launches a new medical pill, the company wants to show that the new pill performs better than
the existing products on the market. Moreover, when an investor is trying to decide about a stock
portfolio to invest money in, she wants to find the best performing stock portfolio among several
stock portfolios.

To address these problems, the multiple comparison procedures performed a pair(or more than
a pair) of hypothesis tests. The multiple comparison procedures could efficiently answer the question
of verifying the differences between the populations or the degree of the difference between the
populations. Meanwhile, the selection and ranking methodologies were introduced and developed
to answer the problem of selecting the “best” population. Since R. Bechhofer’s pioneering work on
the selection and ranking methodologies, it has been developed in two directions. One approach is
to select a fixed number of best populations and the other approach is to select a (randomized) group
of populations that contains the best population. The former uses the indifference-zone approach
and was developed by R. Bechhofer and M. Sobel, while the latter is called the subset selection
method and was introduced by S. Gupta and M. Sobel and developed by S. Gupta [31]. Since both
approaches have the main goal of selecting several populations such that the number is either fixed
or random, the selection and ranking methodologies can be considered as selection problems.

Suppose that there are k populations, G1, Ga, . . ., Gy, where G; has the distribution function,

Fy.(-),1 =1,2,...,k(k < o0) and 6; is an unknown real valued parameter, § € ©. Also, 6, is

22



associated with G; and the ordered 0; is denoted by 0;) < - - - < 6. We assume no prior knowledge
concerning the association between Gj and 6};. The primary goal of the selection and ranking
methodologies is to attempt to formulate the decision problem of selecting the best population out
of k populations or selecting a non-empty subset of the k populations so that the subset contains
the best population with a minimum of the prespecified probability level. The best population
could be defined as the one with the largest(or smallest) mean or depending on the problems or
the situations. These formulations are formally known as the following two main approaches; the
Indifference-Zone (IZ) approach developed by Bechhofer [4] and the Subset Selection (SS) method
developed by Gupta [33].

2.2.1 Indifference-Zone Approach

In the indifference-zone approach, the goal is to select the best population [4] (Bechhofer,
1954). Let § denote the quantity from the sample by which corresponds to 6 in the population. The
ordered quantities are denoted by 9[1] < é[g] <o < é[k] and the population which is associated
with é[k] becomes the best population if we prefer the larger value of the parameter. Then, two
kinds of decisions are available in this selection problem. If the selected population is the true best
population, the correct selection is made. If the selected population is not the true best population,
we commit a wrong decision. In this procedure, we want to maintain a certain level of probability of
making a correct decision, just as we controlled for the error rate in the hypothesis test. We prefer
this probability to be as high as possible, and under some conditions, it is bounded by a specific
value. Then, we define and range the probability of correct selection as follows. The guaranteed
probability of making a correct selection whenever the difference between the best value of # and

the second best value of 8 is at least some fixed amount is at least P*.

P (CS) > P* whenever 0 — O_q) > 6" for prespecified P* and 6*, (2.7)
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where CS denotes “correct selection”. Then, the parameter space can be divided into a part where
the difference, 0 = 0 — Oj—1), is less than the prespecified ¢*, and the rest of the parameter
space where 0 > ¢*. Thus, a k-dimensional parameter space is reduced to 2-dimensional space
since selecting the best population only concerns the populations with the two largest values of
parameters, 0 and 0}, . In the reduced parameter space, the region where 0 < ¢* is called the
indifference-zone (IZ) and the region where § > 0* is called the preference-zone (PZ). In the PZ,
we have a strong preference to make a correct selection because there exists a gap between the
largest and the second largest population and in the IZ we are indifferent about making a selection.
Since the probability of the correct selection, P(CS), must be guaranteed only in the PZ, we are
only interested in the configuration of PZ. There exist many different configurations of parameter
space within PZ which make P(CS) at least P*. Among those configurations, we can find the
configuration for which the P(CS) is minimum over the preference-zone and we call it the least
favorable configuration(LFC). If the P(CS) at LFC can be equal to P*, then we can attain the
probability requirement of (2.7) above. For the problem of the population mean where we prefer

the larger mean, the LFC happens when

Oy =0 = =0k =0 —9

and the minimum sample size to meet the probability requirement can be calculated given prespeci-

fied P* and 6™ later.

Selection of the Best Population; Normal Distribution with Common Known Variance

Consider k(> 2) independent normal populations with unknown means, p;,¢ =1,2,...,k
(k < 0o0) and a known common variance, 02. When we want to find the best population regarding
the population mean, if a larger mean is considered better, the best population is defined as the
population with the largest mean. Then, we collect samples from each population of size N. Now,

X denotes the observation from the sample, then X ; stands for the first observation from the first
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population. Also, X; y is the N th observation obtained from the first population. Then, X, ; follows
a normal distribution with mean yi; and the variance o2, j = 1,2,..., N, and each observation
is not correlated to others. If we set X; = Zjvzl X, /N, then E(X;) = p,. For the second
population, Xo; ~ N(u2,0?%),7 =1,2,...,N and X, = Zjvzl X5;/N, then E(X3) = pp. Thus,

Xij~ N(pi,02), X; =32 Xi /N, and E(X;) = p;, fori =1,2,... k, andj=1,2,... N.

We assume no correlation within the sample from each population as well as no correlation between
the samples. Then, the goal is to select a population with the largest u, denoted by pux;, where
Mk = Pk—1] = Pe—2] = - = Hj2) = B

A rational way to select the population with pi; is to find a sample with X () and select the
corresponding population as the best population. However, when the largest mean and the other
means are close to each other, it is difficult to select a population as the best one. Therefore, we
need a rule that guarantees the selected one is with the largest mean. A measure used in this rule
is the distance between the highest mean and the second highest mean, yi3) — pip—1) = 0, i.e., the
discerning measure of distance. At the same time, we want to preserve the probability of making
a correct decision to select a population associated with the sample producing X (k) as the best

population as long as the distance defined above is greater than or equal to some value, 6*. The

probabilistic condition can be written as follows:
P(CS) > P* whenever pu — pijz—1] = 0 > " for prespecified P* and ¢”,

where CS stands for “correct selection” and * is a discerning threshold. To make the problem
meaningful, the value of P* has the range of - < P* < 1 since the probability of + can be attained

by a random selection. The minimum of P(CS), P*, happens when

) = pp) = = Pe—1) = B — 0

and we call this parameter configuration the least favorable configuration (LFC). When this prob-

ability requirement is set with a pair (P*,0*), we can choose the sample size, N, using a table
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provided by R. Bechhofer [4]. Then, the selection procedure given (P*, §*) is
1. Select a sample of size N from each population.
2. Calculate va, X[2]7X[3]7 e ,X[k,l}, X[k].

3. Select the population associated with X (k] as the best.

N is determined by the probability requirement, P(C'S) > P*, where

o0

P(maz(Xy, Xa, ..., Xp1) < Xpy) = / F(y+d)* ' f(y)dy = P,

—0o0

d=+vN %*, F(-) and f(-) are cdf and pdf of the standard normal random variable, and d is found
from the table by R. Bechhofer (1954) [4].

Selection of t Best Populations

Suppose we want to find ¢ best populations, where 1 < t < k, under the same situa-
tion as the previous section, 2.2.1, with normal distributions and a known common variance.
Xij ~ N(pi,0%), fori = 1,2,...,k, andj = 1,2,..., N. Then, the populations we need to
select are those corresponding to fijx], fhix—1], [k—2]; - - - » Mk—t+1)- HOwever, the order of the popula-
tions is not required. Consequently, the discerning measure of distance is defined as the difference
between the smallest mean of the 7 best populations and the largest mean of the remaining (k-t)
populations, i.e., d = pr_¢+1) — Hjx—y from Gibbons et al (1977) [27]. The least favorable configu-

ration from R. Bechhofer (1954) [4] can be expressed as follows:

M) — Hk—t+1] = 0,
Mik—t4+1] — Hk—t] = 9,

Pik—e) — ppa) = 0.
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Given P* and ¢* for the probability requirement, the probability of correct selection is greater than

or equal to P* whenever the discerning measure of distance, 9, is greater than or equal to 0*.
P(CS) > P* whenever ji,_;11] — fjp—g = 0 > 6.

If the sample of size N is taken from each population and sample means are calculated, we can
order them as Xj;) < Xpg < -+ < Xp.

Then, the ¢ best populations are the populations that produce the ¢ largest sample means, X K]
Xp—1), - - - » Xjp—e41) with guaranteed probability of P*.

To determine the sample size N given P* and 0%, refer the table from [4]. Given P* and 6%, we get

the sample size from the equation below.

P = tP(max(Xl, ce 7Xk—t> < Xk—t+1 < min(Xk._Hg, ce ,Xk))

. / TRy A - F) )y,

o0

where d = vV N %, F(-) and f(-) are cdf and pdf of Standard Normal random variable, and d is found
from the table by R. Bechhofer [4].

2.2.2 Subset Selection Method

The subset selection method is a procedure for selecting a group of populations that includes
the best population without identifying the best population. Here, a very distinctive aspect of subset
selection is that the size of the selected group is determined randomly and not predetermined as in
the indifference-zone approach. In this method, the correct selection occurs if the best population is
included in the selected subset. If the best population is contained in the other set of populations, an
error occurs. Under the same setting as above, 2.2, we calculate é[lh é[Q], e é[k}. Then, place the
population whose associated § is included in the interval of [é[k] —d, é[k]] as the selected subset.

Here, d is determined by the condition that the infimum of the P(CS) over the whole parameter
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space is at least P*. Unlike the indifference-zone approach, the probability is calculated over the
whole parameter space. P* in the indifference-zone approach is the probability calculated over the
configuration of the preference-zone in the parameter space. However, P* in the subset selection
method is the probability calculated over the entire parameter space and it has the meaning of the
minimum probability such that the selected subset contains the population with the largest mean
value [27] (Gibbons et all, 1977). Also, since é[k] is always included in the interval above, the
selected subset cannot be empty.

The main difference between the indifference-zone approach and the subset selection method
is that the subset selection method has no indifference zone. In addition, we do not identify the
best population among the selected subset once the subset is determined, thus the subset selection
method is less precise.

Suppose we have the same situation as the previous two cases in 2.2.1, where we have k(> 2)
normal populations with a known common variance. Now, we want to select a subset of random
size that includes the population with the largest mean. The sample from each population is
collected with a fixed size of n. X ; ~ N(p;,0%), X; = 37" X, ;/n, and E(X;) = pu;, fori =
1,2,...,k, and y = 1,2, ..., n. As we did in the indifference-zone approach, we need to determine
P~ as the probability requirement in advance.

The rule of selection is to allocate the population as the selected subset if the population
produces the sample mean greater than or equal to the value of X K — d\/iﬁ, where d is obtained
from the table of R. Bechhofer (1954) [4] given P* and k. That is, for any ¢ = 1,2, ..., k, the ith
population is located in the subset if and only if X; > X} — d-%, where X is the sample mean
from the ith population. By rearranging the inequality, we can get the interval of selection procedure

as [ X)) — d-%=, X|y] and thus, the subset can’t be empty.

o
\/ﬁ )

There are two different types of problems in the subset selection method. One is comparing to
an unknown control population and the other is comparing to a known standard value of 6, 6,. For

these two types of the selection problems, however, the selected subset could be empty.
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2.2.3 Multivariate Indifference-Zone Approach
Bivariate Normal Populations

Suppose we have populations that follow bivariate normal distributions. Each population
has two variables as measurements and the collected samples are recorded as X; and X5 for each
variable. X; and X, are jointly normally distributed with the mean vector and covariance matrix

shown below:

2
Xi M1 01 pPO102
~ N2 ) ’

2
X 2 po102 09

where p; is the mean of X, us is the mean of X5, oy is the standard deviation of X7, o9 is

the standard deviation of X5, and p is the correlation coefficient of (X, X5).

Suppose there are 3 populations with bivariate normal distribution.

X

Pop, - ) N H11 )
X2 H12
Xo1 21

Pop, : ~ N , 2o
Xao 22
X

Pops: | " ~ N | [T 5, ],
X3 32

where 3, >o, and X3 are the variance-covariance matrices and they are positive definite.
Let’s assume marginally, ft31 > pto1 > p11 and 1o > pi3o > pioo. Then, we can have the following

scatter plot.
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Figure 2.2: Bivariate Example with 3 Populations

If we select the best population by considering the population means marginally and prefer the
population with a larger mean, Population 3 becomes the best population when we only consider
the variable X; because pi31 > 91 > p11. On the other hand, if we select the best population in
terms of the variable X5, Population 1 is selected as the best population since fi192 > fi30 > fiog.
Therefore, the decision about the best population depends on the choice of the marginal variable
and the decisions are not identical in this example. To overcome the discrepancy, let’s consider the

means simultaneously and select the best population.

Selection of the Best Population Using a Linear Combination

Suppose there are k£ populations and each population follows a multivariate normal distribution.
For the population Gj, the mean is y; and the covariance is >2;, where y; is a column vector and Y;;

is a positive definite square matrix, ¢ = 1,2, ..., k. If the population has p variates, the dimension
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of p; is px1 and
i1

2

Hi

:uip
The dimension of ¥; is pXp and let’s assume ; = X for all populations. Then, to find the best
population considering the means simultaneously, we compute §;, the linear combination of the

means of p-variates for population G, as

0; = Api = % pin + Qg % fig + -+ Qg * gy,

where A = (aq, ag, ..., qp), 21;:1 aj =land o; > Oforallj,j=1,2, ..., p. Here, o;’s are

known and then we can order the 0, as

Oy < Oz < -+ < Opy.

If we define the best population as the one with the largest linear combination of means, the popula-
tion associated with 6y is selected as the best population.

If we want to select ¢ best populations for a larger #, the populations corresponding to
Ow), Oj—115 Ok—2), - - - » O—e41) are selected. Then, the discerning measure of distance for this selec-
tion problem(selection of ¢ best populations) is ;1] — [z, and let the value be 6, 6 > 0. The

probability requirement is

P(CS) > P* whenever 0,_y41) — Oy > 67,

where P* and ¢* are predetermined. The discerning measure of distance and the probability require-
ment are very similar to those of the univariate population problem.

The different sets of v;,j = 1,2, ..., p (different weights) make different decision rules for finding
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the best population. On searching such set of a;’s, we can apply the statistical learning.

Selection of the Best Population Using Mahalanobis Distance

Assume again the same situation with £ multivariate normal populations as in the previous section.
For the population Gj, the mean is p; and the covariance is X2;, where p; is a column vector and Y; is
a positive definite square matrix, ¢ = 1,2, ..., k. In the linear combination method, the covariance
matrix was not included in the discerning measure of distance. Since the covariance term includes
additional information, it must be taken into account. To consider the means simultaneously with
information from covariance, the discerning measure of distance for this formulation includes the
form of 6; = ui>; ! {t;, the Mahalanobis distance function, and we define G; is better than Gy if
Wy > u;-Ej’l ;. 1If the goal here is to select the ¢ best populations, then we need to select
the populations corresponding to the ¢ largest sample fs such as é[k}, é[k,l], e ,é[k,tﬂ], where

éi =X 5 L X, In this problem, we have two discerning measures of distance, d; and ds.

01 =0Ok—t11) — -y, 01 >0

O
5y = [k—t+1]

L6y >1
Olre—1) ’

The probability requirement is
P(CS) Z P* whenever 9[k7t+1] — Q[k,ﬂ Z (Sik and 9[k7t+1]/9[k7t] > 5;,

where P*, 67, and 0; are predetermined.
The preference zone (PZ) for this selection problem is the intersection of the parameter space with
01 > 07 and 02 > 6;. To find out the smallest sample size n to satisfy the probability requirement

given P*, 47, and 3, we can refer to the table from Milton and Rizvi (1989) [48].
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Selecting ¢ Best Population When 32, Is Known

If we take samples of size n from population i, G;, we can denote the sample mean
vector as X; and the sample variance-covariance matrix as .S;.
When we assume that >; is known, we use X{E;lj{i and let U; = X{E;lj{i, where nU;
has the non-central chi-square distribution with p degrees of freedom and non-centrality

parameter of n(u;%; ' 11;) [1]. The least favorable configuration can be expressed as

Opy = =0p_g=01(6a—1)7"

Q[k,,prl] =...= O[k] = 5152(52 — 1)_1.
The sample size n given Px is calculated from

n5152
9y — 1

n5152

)}tilfp(xa (52——1)dy7

< 5
P :t/ Fy(z, — 2 )k=t{1 — F (x,
0 0y — 1

where f,(x, ) is the pdf of a noncentral chi-square random variable with p degrees of freedom
and non-centrality parameter of § and F),(, 6) is the cdf of that [33]. We select the populations

associated with Up_¢ 1], Ujg—t42), - - - , U as £ best populations.

Selecting ¢ Best Population When ; Is Unknown

X/S71X,)(n—p)

If >; is unknown, we let V; = ( and n'V; has the non-central F distribution

np

with p, (n — p) degrees of freedom and the non-centrality parameter of n(u;; ' 11;). We

select the populations associated with Vir_¢ 1], Vig—t42), - - -, Vjx) as 7 best populations.

2.2.4 Example of Bivariate Population with k=3

We simulated 80 data points from 3 bivariate normal populations with a mean of (2,4), (5,1),

1.5 1

(10,3), and the common covariance matrix as in 2.2.3. We select the best population for

1 1.5

means.
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Figure 2.3: Simulated 3 Populations
We have sample data as follows.
1.1466
Sample mean of Popl : (2.1186, 3.7382), Sample covariance of Popl :
0.8875
‘ 1.3223
Sample mean of Pop2 : (5.3593, 1.3112), Sample covariance of Pop2 :
0.8150

0.8875
1.3524

0.8150

1.3304

1.5712 1.0600

Sample mean of Pop3 : (10.1987, 3.1717 ), Sample covariance of Pop3 :
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Linear Combinations
If we set «; = 0.4, a9 = 0.6, we have ; = 0.4 X p;; + 0.6 X ;o for i = 1,2,3. Then,

éz' =04 x Xil + 0.6 x XiQ and

01 = 0.4 x 2.1186 + 0.6 x 3.7382 = 3.0904,
05 = 0.4 x 5.3593 + 0.6 x 1.3112 = 2.9304,

fs = 0.4 x 10.1987 + 0.6 x 3.1717 = 5.9825.

Thus, we select Population 3 as the best population.

Mahalanobis Distance with known variance

If we assume P* = 95%, J; = 1, and &, = 2, respectfully, the linear interpolation for £ = 3

gives n= 43.148 from Table S.1 in [27]. We will use first the 44 data entries for calculation.
1.5 1

The common covariance matrix is known as X = and we have 0; = u/¥; ' ju; and
1 15
0; = %' 7;. Then,
—1
. 1.5 1 2.0906
6, = (2.0906, 3.6532) = 9.0401
1 15 3.6532
-1
. 1.5 1 5.4502
0, = (5.4502, 1.4546) = 25.5003
1 15 1.4546
-1
. 1.5 1 10.2069
65 = (10.2069, 3.0655) = 86.2313
1 15 3.0655

Thus, we select Population 3 as the best one.
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Mahalanobis Distance with unknown variance

Let’s assume we don’t know . Then, we use the sample covariance matrix, S, to calculate the
QAZ». 9; = 7.5, 1%,. Given the same condition as the previous section, P* = 95%, §; = 1, and d5 = 2,

the sample size from Table 1 of [48] is 76.7. Then, we use the first 77 data entries for calculation.

-1

A 1.1177 0.8388 2.1208
6, = (2.1208,3.7392) =10.9297
0.8388 1.2974 3.7392
-1
A 1.2918 0.8313 5.3416
6, = (5.3416,1.3598) — 27.8495
0.8313 1.2841 1.3598
—1
A 1.4744 0.9583 10.15
05 = (10.15,3.1203) — 85.2886
0.9583 1.4072 3.1203

Thus, we select Population 3 as the best one.

2.3 Statistical Learning on Statistical Classification

2.3.1 Machine Learning and Statistical Learning

We already mentioned many times about the learning process. Statistical learning has origi-
nated from machine learning, which is a procedure that creates and develops algorithms to solve a
problem using the given data set and answers it when a new data set is given based on the algorithm.
From a given data set, when the training data set is entered into the machine, it returns the result.
The more data entering into the machine, the better the machine develops the algorithm and returns
improved results. This is where the learning takes place. In the learning process, if the data consists
of input data and output data(the output data are labeled), the learning is called supervised learning.
Based on the labeled output data, the machine learns and improves the algorithm. It’s like you

are preparing for the exam. You have a bunch of example problems with the answers. You solve
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the problem and check your answer with the given answer to see if it is correct or not. When you
have the wrong answer, you check your procedure and fix it to get the correct answer. You do this
process until you get all the correct answers and take the exam. This learning is supervised by
yourself or a teacher and it’s called supervised learning when you have input and output data. If
there is no output data, it is called unsupervised learning. The main goal of supervised learning is
to predict data, on the other hand, the goal of unsupervised learning is to find the associations or
the hidden patterns from the unlabeled data. Classification is supervised learning and clustering
is unsupervised learning. Then, what about the selection and ranking methodologies? We can
categorize the indifference-zone approach as supervised learning and the subset selection methods
as unsupervised learning.

Statistical learning theory is the field of machine learning with statistical inference involved.
There is a probability distribution in the data space and we want to find a function that explains the
association between the input variable and the output variable, in supervised learning. Then, we
compare the predicted output from the function to the actual output and measure the difference as
the loss. We find the best function that minimizes the loss, i.e., the difference between the predicted
output and the actual output and it’s where the learning takes place. This leads us to consider our
approach to classification, a supervised learning, from the perspective of multiple decision theory.

We will talk about the multiple decision theory in Chapter 4.
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Chapter 3

The Statistical Classification and High

Dimension

In this chapter, we propose one way to improve the performance of the classification process.
From the multiple decision theoretic point of view, we will focus on the correct decision, and thus
we want to increase the probability of correct classification. For two-dimensional data with two
groups, a scatter plot can show areas where the two groups overlap. If we use linear discriminant
analysis to find a classifier, there may be many misclassified points. To improve performance, we
first focus on the classifier itself. We can improve the classifier by increasing the degree of the
function to a polynomial function of degree 2 or higher. As a result, the classifier becomes more
complex. Also, this will reduce the bias but increase the variance. The bias is the measure of the
difference between the target value and the predicted value. The variance measures the expected
difference of deviation from the actual value. The bias results from the model selection that is
related to the assumptions. A higher bias model has more assumptions on the target function such
as linear function. The lower bias model has fewer assumptions that can build a nonlinear function.
High variance is observed by a huge inconsistency when changing the training data set. Overfitted
target function leads to a high variance. Linear discrimination analysis shows low variance and

decision trees, support vector machine, and k-nearest neighbor are with high variance. There exists
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the bias-variance tradeoff in the statistical learning procedure.

The above methods focused on improving the classifier to make fewer misclassified points and
the techniques of classification have improved in this direction. Then, how about changing the way
we approach this problem a bit? Instead of improving the classifier itself, let’s look at this problem
from a slightly different perspective. When there exist overlapping areas in given variables, can we
add more variable(s) to the current problem and better separate the groups in the end? In an era of
big data, finding new variables and adding them to a model is no longer that expensive. So adding a
new variable and comparing performance would be an uncomplicated alternative. In this approach,
we can improve classification performance by adding new variables rather than manipulating the
classifier or reducing the dimensionality of the variables. The space of the problem will be expanded
but we can have a hyperplane classifier that is still not too complicated to build. That is, what we
propose is to increase the dimensionality of the variables by introducing a new variable that better

discriminates groups in higher dimensions.

3.1 A Preferable Predictor Vector and The Probability of Cor-
rect Decision

We find the related variables using Data Mining or Machine Learning. Then, adding those
variables to the classification model results in good separation of the groups. This means that the
separability is improved and the probability of correct classification (or correct decision) is higher.

In this section, we want to focus on the probability of correct classification or the probability
of correct decision. Suppose there are two populations (or groups) G; and G, and we use two
variables X and X, to classify the objects. Also, suppose there exists a linear classifying rule. Let’s
take a look at Figure 2.1 again. The blue line indicates the classifying rule. The correct decision
happens when the object is correctly classified to the population where it comes from. Then, A

and B are the areas where an incorrect decision could happen. Area A is where some objects are

39



assigned to G, even if they are from G4 by the given classification rule. In area B, some objects
are assigned to G4 but they are originally from G;. Then, if we can find a variable (or a series
of variables) that contributes separating the populations well and leads reducing such area in a
higher dimensional space, we include the new vector to the problem. As a result, we have a new
classification process that leads to a higher probability of a correct decision. Suppose, for example,
a new variable, X3, is added to the current object vector, (X, X5), and this allows the overlapping

regions under the 2-variable plot to be well separated as Figure 3.1 shows below.

Figure 3.1: 3D Plot with X3 Added

Consequently, by adding a new variable, two populations do not share any common area, as an
extreme example, and the blue plane works as the classification rule. Here, we can notice that, as we
introduce a new variable, the dimension of the classification rule also increases and the classification
rule becomes a plane from a straight line. Then, we would like to compare the probability of correct
decision of both cases, before and after adding X3. If we can achieve a higher probability of correct
classification by adding X3, we need to find X3 and include it in the classification process. We
call such variables a Preferable Predictor Vector. It can be seen that observing fewer misclassified

points means a higher probability of correct classification. Thus, we will compare the probability of

40



misclassification, P(misclassification), for both cases and our goal is to have a smaller value for the
case with X3 added. Before checking the change of P(misclassification), we will take a look at the

numerical result from the generated data.

3.2 Numerical Studies

We generated two sets of data using R from multivariate normal populations (G and G2). For
simplicity, we start a multivariate normal distribution with two dimensions. There are 80 data points
for each group. Let X; and X, be two variables that make the observation vector X = (X3, X3)'.
The mean vectors are pq and po and we assume the covariance matrices are diagonal, 3; and
3.5, for population 1 and population 2, respectively. The mean vector and covariance matrix for

population 1, G, are

Within each population, two variables (X; and X5) are independent of each other. Based on the
generated data, we first create a scatter plot: see Figure 3.2. Red points on the scatter plot are the
data from G and blue points represent the data from Gs. A solid black line is the example of the
classifier and the misclassified observations are marked with observation numbers.

There are 19 misclassified observations altogether. There are 8 observations (9, 17, 30, 32, 41, 45,
52, 61 in red) from G, but classified as GG, and 11 observations (17, 18, 26, 30, 55, 56, 58, 62, 72,
73, 77 in blue) from G but classified as G .
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x1

Figure 3.2: Scatter Plot of Multivariate Normal with Two Dimensions

Now, to increase the dimension of data, X3 for each population is generated from a normal
distribution. For G, X3 is generated from the population with a mean of 1 and a standard deviation
of 1. For G, the mean is 4 and the standard deviation is 1. Then, attach X3 to the existing vector
of X = (X4, X5) with the same order by assuming that X5 is independent of (X, X5). The table of
generated data with X3 added is provided in the Appendix.

The sample covariance matrices for G; and G are

248763405 0.06649369 —0.02741130
S1 =] 0.06649369 1.87922785 0.01407858 | :
—0.02741130 0.01407858 1.03841911

1.80773779  —0.1651126 —0.07293863
Sz = |—0.16511263  3.7808627  0.04513610
—0.07293863 0.0451361  1.04058013
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From the sample covariance matrices, X3 looks independent of X; and X5.

The 3D plot of the data is shown below in Figure 3.3.

Figure 3.3: 3D Plot of Data

We observe that the data can be separated by a hyperplane classifier and the number of misclas-

sified points are reduced.
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Figure 3.4: 3D Plot of Data with a Classifier

Here is a 3D plot with an arbitrary hyperplane classifier.

44



3D-plots of different angles are shown below.

Figure 3.5: 3D Plot of Data with a Classifier from a Different Angle
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Figure 3.6: 3D Plot of Data with a Classifier with Another Angle
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Figure 3.7: 3D Plot of Data with a Classifier with a Better Angle

We observe the much less misclassified points from several different angles.
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Figure 3.8: 3D Plot of Data with a Classifier with a Better Angle 2

There are only two misclassified red points and there are about 5 misclassified blue points. By
introducing X3 to the model, two populations can be separated with fewer misclassified points.
Thus, we have no reason to hesitate to introduce a new variable to make a better classification. Now,
we will compare the probabilities of misclassifications before and after adding X3 using the total

probability of misclassification (TPM) and the apparent error rate (APER).
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3D plot of Data

Figure 3.9: Animated 3D Plot of Data
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3.3 View Point of Multiple Decision Theory

3.3.1 The Probability of Correct Decision from the Total Probability of Mis-

classification or the Apparent Error Rate

Multiple Decision Theory is concerned with making of decisions in the presence of statistical
knowledge (data) which sheds light on some of the uncertainties involved in the decision problem.
Statistical classification can be viewed as a decision-making procedure about allocating the ob-
servation to the correct group. When we classify the observation to the correct group, we make a
correct decision. If we assign the observation to the group where it did not belong, we commit a
wrong decision. Then, the probability of making a correct decision can be calculated from the total
probability of misclassification when the distributions are provided or from the APER when we
have no distributional information. The total probability of misclassification is the probability of
making a wrong decision. Then, the probability of a correct decision can be calculated by 1 — TPM.

Also, 1 — APER can be the probability of a correct decision.

3.4 A Preferable Predictor Vector and Calculation of TPM and

APER

3.4.1 Calculation of TPM when >; = >y =X

We want to calculate a TPM of (2.1) to compare TPMs with or without the X5 variable to
check if adding X3 improves classification. Under the same setup as Section 2.1.3, Gy ~ fi(),

Gz ~ f2(+), P(G1) = p1, and P(Gz) = pa

TPM = P(from G; and misclassified ) + P( from G, and misclassified)

= p1P(G2|Gy1) + p2 P(G1|G2)

/fl dX+P2/f2
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In (2.4), the classification rule for the multivariate normal distribution case was stated as a new

observation of xg is allocated to Gy if

1
(1 — p2)'E""x0 — 5(/11 — 1)’ S (i + p2) > log (%i) ; (3.1)

where we assume the common covariance matrix under the multivariate normal distribution and p;
and p, are prior probabilities. If we have equal prior probability, the right-hand side of the inequality
(3.1) becomes 0. Then, we can calculate the probability of misclassifications from Gy, P(G2|G1),

as follows because we assign xq to Gy if

1
(1 — p12)'S 7 x0 — 5(#1 — o)’ (1 4 p2) < 0. (3.2)
1
P(G2|G1) = P((tn — p2) ¥7'X < S (i1 — p12) 7 (ha + paa)) (3.3)

2

The left hand side of inequality, (y1; — po)' Y71 X is a linear combination of p random variables, I'X,

so let’s denote it as W, W = I'X = (1 — p12)’X"'X. Then,

1
P(G2|Ga) = P(W < S (1 — p2)' S (1 + p12)), G4

where W= (111 — p2)' S 71X = I'’X and X~ MVN(py, 2).

Since X~ MVN(uq, 22), we calculate and denote the mean and the variance of W as follows.

EW) = (i — p2)' 2" = '

Var(W) = Var(iX) = US1 = (ju — 1)’ S™ iy — piz) = oy = M2,
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Both are scalars and W follows a normal distribution. Thus,

P(GyGy) = p (Wi 3l = )57 4 ) = Ui
21Gq o p—
_p W=l 5 — p2) S (a4 p2) — (1 — p2)’ S
ow ow
_plz< %(Nl — )5 () + %(Ml - Mz)'z_l(uz) — (1 — ,Uz)'z_l/h
ow
—plz< _%(#1 - #2)/2_1(#1) + %(Ml — p12)' 27" (p12) (3.5)
ow
_p (g T3l )T (= )
ow
—1pr2
=P (Z < 2 )
ow
M
— P(——
( 2 )7

where ®(-) is the CDF of N(0,1) random variable and M=/ (11 — p12)'S " (1 — pa).
M
In the same way, P(G1|Gz) = @(—7). Thus, the corresponding TPM, when the prior probabili-

ties are equal, p; = ps = 1/2, is

TPM - %@(—%) Ll My g My (3.6)

where M =/(p1 — p12)’S " (111 — p2). Thus, we need a bigger M to have less TPM.

If we use the example above with an assumption of a common .,

5 1 2 0
M1 = s M2 = , and assume that > =

2 4 0 4

If X3 which is assumed to be independent of X; and X is added,

5 1 2 00
f3r = (2| 32 = |4]|,23=10 4 0
1 4 0 01
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Then, M7 = (p1 — p2)' S 7 (p1 — p12) = 9 and M3 = (pg1 — p132)'S5 " (a1 — ps2) = 18.
TPM for (X, X5)" is 0.0668 and TPM for (X, X5, X3)" is 0.01695. Thus, adding X3 improves the
probability of misclassification by almost 74.6%.
If we let the probability of correct classification be (1-TPM), we can derive the following rate
to measure the improvement of the probability of correct classification.
Suppose we have T'PM, > T'P M.
TPM, —TPM,

The rate of improvement on TPM(%) = TP x 100.
1

The rate in terms of the probability of correct classification(%)

(1—TPM,) — (1 —TPM,)

- 100
(1— TPM) *
TPM, — TPM,
- 100,
(1-TPM,)

There is a 5.34% improvement in probability of correct classification.
Then, we change the variance of the new variable from 0.1 to 20 to check whether the new
TPM is still less than the TPM before adding X3 and the plot is shown below. When the variance is

20, the TPM is 0.0621 and it is at least improved after adding Xs.
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TPM on Different Variances
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Figure 3.10: Changing the Variance from 0.1 to 20: At 10, TPM = 0.0578. At 20, TPM = 0.0621

3.4.2 Calculation of TPM when >; # >

From the density function (2.3) with >; and X, for two multivariate normal populations, the

classification rule for a new observation, X, is that xg is allocated to G if

fi(x0) P2
fo(xo) — 1" 7
1
—§X0/(E1_1 — X5 )x0 + (27 — Hy¥5 ) xe — B > log (%) : (3.7)
h ~ Lygg (E) L L L35t he mini le. If i
where § = 3 og m + B (ul 1 M1 — fg2in ug) by the minimum TPM rule. If the prior

probabilities are the same, the right-hand side of the inequality (3.7) is O again. Then, the probability

of misclassifications from Gy, P(Gz|G1), can be calculated as follows since we allocate xg to G
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if
1
—§X0’(Ef1 — 25 %0 + (W27 — phEs N xe — B < 0. (3.8)

Thus,

P(G2|G1) = P(X/(S7" = 23X = 24 27" — p1p%5 )X > —25), (3.9)

where X ~ MV N(uy, %) and 3 as above in (3.7).

In the same way,
P(G1|G2) = P(X'(Z7 = 23X = 2(pi 571 — 525 1) X < —28), (3.10)

where X ~ MV N (uy,3) and (5 as above in (3.7).

The probability here involves the quadratic functions of X. The first term is the quadratic form of
a multivariate normal random variable and the second term is the linear combination of normal
random variables, i.e., the random variable in this probability is the sum of noncentral chi-squared
random variables and normal random variables and it follows the generalized chi-squared distri-
bution. We will use the generalized chi-squared distribution to calculate the TPM for the case of

(X1, X3)" and the case of (X7, X5, X3)’ by using the numerical result above.

Calculation of P(G2|Gq)

From (3.9),

P(G2|G1) = P(X'(37 = 55 )X = 2(u 7 — 55 1) X > —28)
= P((X—h)(E7! = 55)(X = h) = H(Z7 = 25)h > —20) G.11)

= P((X—h) (" =5)(X —h) > W(E =51k —28),

where h = —1(37" = 25 (=20 57t — 5 h)) = (57— 2 T (WSt — ph X5 t) and

let C = B'(37" — 251k — 23. The second equality holds because we make a complete square
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form in terms of X. Then,

P(G2|Gq) = P(X = h)'(S7' =5 )(X = 1) > C).

Here, we denote (X — h) as Q and (X' — X5') as A. Then,
P(G2|G1) = P(Q'AQ > C), where @ ~ MV N (p1 — h, %)

because X is from (1.
Q' AQ is the quadratic form of X and can be written as the linear combination of the noncentral
chi-squared variables. Let Y = E;%(X —h) = ZI%Q. Then, E(Y) = El_%(,ul — h). Also, let
Z=Y - Zl_%(ul —h)=Y — E(Y). Then, E(Z) = 0and Var(Z) = Var(Y) = I.
Then,

Z =Y = £ (g~ h) = ¥ (X = h) = 57 (i — h) and

(X — h) = N3(Z+ 3, 2 (1 — h)).

Thus,

QAQ=(X—-h)(E" =2 )X —h)
) A . L (3.12)
= (Z+%,° (1 — h)) A (Z+ X, 2 (1 — h)),

11
By spectral theorem, 7 A>X? = P’AP, where P is an orthogonal matrix and A is a diagonal matrix

of the eigenvalues, \;. Then,

QAQ = (Z + 5% (s — b)) PAP(Z + 51 (i — ) a1
— (PZ+ P, * (11 — b)Y A(PZ + PS; * (i — h).

1
LetU = PZand b = P%, ?(uy — h). Then, U ~ MV N(0, I,,) because P is the orthogonal
matrix, i.e., PP’ = P'P = I. E(PZ)=PE(Z) =0
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Then,
Q'AQ = (U +bYAU +b) =>_ X(Uj +b;)*.
j=1

Q' AQ is a linear combination of noncentral chi-squared variables, and thus
P(G3|G1) = P(Q'AQ > C) = P((U+b)/AU +b) > C). (3.14)

Calculation of P(G1|G2)

In a similar way, P(G1|G2) = P(Q'AQ < C), where QQ ~ MV N (uy — h, 3s) because X is from
(2. Then,

but b and A here are different from those in (3.14).

Here, Y = £, 2(X — A). Then, E(Y) = %5 (jis — h) and Z = Y — 5, 2 (s — h) = Y — E(Y).
From Spectral Theorem, 22% AZQ% = P'AP. Thus, A and P are from this decomposition and U = PZ
and b = PEQ_%(M — h).

Suppose we have a similar example in Section 3.2 with different covariance matrices

Also, if X3 which is assumed to be independent of X; and X5 is added, we have

5) 3 00 1 2 0 0
31 = |2],231= [0 2 Of M32= 4], ,232=1(0 4 0

1 0 01 4 0 0 0.5

Here, we set the new variance for population 2 as 0.5 (not 1) to avoid a singular problem in
the calculation. For (X7, X3)" case, P(G2|G1) = 0.08611 and P(G1|G2) = 0.0737, then TPM
=0.5(0.0861 + 0.0737) = 0.0799. When X3 is added, P(G2|G1) = 0.01367 and P(G1|G2) =
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0.01018, then TPM = 0.5(0.01367 + 0.01018) = 0.011925. Thus, by adding X3, the total probability
of misclassification(TPM) significantly decreases. It improves the probability of misclassification
by 85.1%. The rate in terms of the probability of correct classification is (0.0799 — 0.0119) /(1 —
0.0799) = 0.0739 and there is a 7.39% improvement. Also, we change the variance of population 2

to check how the TPM changes as the variance differs. The plot is shown below.

TPM on Different Variances; Unequal

0.04
|

TPM
0.03
|

0.02
|

0.01
|

Variance

Figure 3.11: Changing the Variance from 0.1 to 10: At 10, TPM = 0.0467.

3.4.3 Calculation of APER

The APERSs are calculated from the numerical result in Section 3.2.
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X; and X, Assigned to

G| G

G| 72 8 80

Observations from

G, | 11 69 | 80

Table 3.1: Confusion Matrix Before Adding A Preferable Predictor Vector

The apparent error rate (APER) = 88011810 = % = 0.11875

X1, X5 and X3 Assigned to

Gy | G

Gy | 78 2 80

Observations from

Gz | 5 75 | 80

Table 3.2: Confusion Matrix After Adding a Preferable Predictor Vector

The apparent error rate (APER) = 2525 = 15 = 0.0438

There is a 63.12% drop in APER by adding X3. The Accuracy has increased by 8.51% from
0.88125 to 0.95625. The probability of a correct decision has been increased by adding a preferable
predictor vector.

Below are the confusion matrices when LDA and QDA are applied before and after adding the
preferable predictor vector from data in Section 3.2. [da and gda functions in R are used to make

the confusion matrices.
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Assigned to

Popl | Pop2

Popl | 71 9 80

Observations from
Pop2 7 73 | 80

Table 3.3: Confusion Matrix of 2D LDA

Assigned to

Popl | Pop2

Popl | 76 4 80

Observations from

Pop2 1 79 |80

Table 3.4: Confusion Matrix of LDA with Preferable Predictor Vector

Assigned to

Popl | Pop2

Popl | 71 9 80

Observations from
Pop2 8 72 | 80

Table 3.5: Confusion Matrix of 2D QDA

Assigned to

Popl | Pop2

Popl | 75 5 80

Observations from

Pop2 | O 80 | 80

Table 3.6: Confusion Matrix of QDA with Preferable Predictor Vector

The table below shows APERSs calculated from four confusion matrices above.
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2D 3D

LDA | 0.1 |0.031

QDA | 0.106 | 0.031

Table 3.7: Table of APERs

In both cases of LDA and QDA, by adding a preferable predictor vector, there are almost 70%
drops in APER. The accuracy increases by 7.67% and 8.39% each for LDA and QDA, respectively.
We can notice that classification performance is improved. However, there is almost no improvement

when the classification method was changed from LDA to QDA for this example.

X2

X1

Figure 3.12: Figure 3.2 Added by LDA Classifier (Green Line)

3.44 Summary

We used the TPM and the APER when we showed the improvement in correct classification

by adding a new variable, a preferable predictor vector. When we calculate the TPM under the
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assumptions of distribution with homogeneous variance, the classification rule becomes a linear
combination of predictor variables. So, it uses the values on a projected line and it means the
calculation is always reduced to 1-dimension. We also calculated TPMs under the assumption of a
non-homogeneous variance structure. When we use APER without the distribution assumptions,
however, we created the hyperplane as a classifying rule and counted the incorrectly classified
observations. So, there is a difference in the dimension of the classifying rule between the two
methods. We can use SVM to find the hyperplane classifier for APER calculation. We also used
LDA and QDA, under the assumption of the distribution, to create the confusion matrix and calculate
APERs. In all cases, the preferable predictor vector helps to increase the probability of correct

classification.

3.5 Conditions of the Preferable Predictor Vector.

We can suggest a few ways to search for the preferable predictor vector. First, we use the
neighboring data set. From the existing variables, we extract some features and characteristics,
then look for a variable that possesses the related information. Second, we do data mining from
the big data. By setting some conditions on the data set, we can collect the variables that seem
to be useful for our classification. Once we are ready with potential preferable predictor vectors,
try each vector in turn and label one as a preferable predictor vector if the vector improves the
probability of misclassification or as an inferior vector otherwise. In the following section, we will
investigate the conditions of the preferable predictor vector when minimizing the total probability

of misclassification (TPM) is used as the rule for classification.

3.5.1 Preferable Predictor Variable chosen by Statistical Learning

Suppose we have two populations as the picture shows below.
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Figure 3.13: Two Populations with Overlapped Area in 2D

We assume that two populations have the same covariance structure. If there exists X3 that makes

the following graph, the separation becomes easier and we want to find such a variable(variables).
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3D plot of Data

Figure 3.14: Two Populations Separated by X3

To get the above plot, we need to add an X3 variable to the model and we need to consider
two parts when we choose X3. The variance of the X3 variable and the difference in means of X
between two populations. For example, if there is no variation within the X3 variable, i.e., X3isa
constant, then it is not too difficult to separate two populations with a small difference in means of
the X3 variable between two populations. The picture below shows the case with no variation in the

X3 variable and the mean difference of 3 between the two populations.

64



3D plot of Data

£X

——

Figure 3.15: Variance of X3 is Zero

Even when the difference of means is 1, it is still easy to find the separating hyperplane. The

following picture shows the cases with the difference of 1 through 4.

65



Mean difference =1 Mean difference = 2

—
.
% %S
s
A= =
Mean difference =3 Mean difference =4
]
L
% %S
$
xS T

Figure 3.16: Two Populations Separated by Various Mean Differences

Thus, if the X5 variable has no variation at all, we can add X3 to the model and find the
separating hyperplane with a slight difference in means of X3 between two populations. If we

add X3 with a variance of 1 and mean of 4 and 7 for each population, respectively, we have the

following picture.
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3D plot of Data

Figure 3.17: Two Populations with Variance = 1 and Mean Difference =3

Plots of different variances given the same mean difference is shown below.
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Figure 3.18: Various Variances with Mean Difference = 3

Therefore, finding an appropriate variable X3 involves the variance of the X3 and the mean
difference in X3 between the two populations. We can find such variable X3 by statistical learning.
We want to investigate further on the conditions in the next section. We also need to check the

correlation between X3 and X; or X5, the new variable, and the existing variable(s).
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3.5.2 Conditions of the Preferable Predictor Vector With Calculation of TPM

Now, we need to compare the TPM of the bivariate normal case to the TPM of a mul-

M
tivariate normal with X5 added. The TPM of bivariate normal is @(—7) from (3.6), where

M=/ (p1 — p12)’S (11 — pi2) when we assume the common covariance matrix. Then, we denote
M.
the TPM with X3 as @(—73) and need to have

M M
Y p—

or M3 > M to attain a higher probability of correct classification by adding X.

Suppose X = (X3, Xy) and T = (X3, Xo, X3). Let p; be the mean of X for Gy and p» be the
mean of X for Gy with cov(X) = X. The mean of T for Gy is p13 and the mean of T for Gy is pio3
with cov(T) = X3. Both covariance matrices are positive definite. Then, M? = a?,v = ["Yl, where
W =(p1 — po)’ 8" X and I’ = (pg — p12)’S7" as in (3.3). In a similar way, M3 = ojy, = 153313,

where W3 = (113 — po3)'Y5 T and I = (j13 — 123)' S5 . Thus, M2 > M? can be rewritten as

(13 — p23) S5 (a3 — paz) > (1 — po)' S (1 — o).

To calculate M? and M2, we set the following;

U
U
(1 — p2) = , (s — pa3) = | o
v
w
011 012
Y= ,
021 0922
011 O12 013
Y3 = 021 022 023

031 032 033

69



Here, u,v,w, 019,013, 023, 091,031, and o35 are constants. Also, 011,099, and o33 are positive

constants. Now,
—1

9 011 012 (4
M?* = [u,v]
021 022 v
and

-1

011 O12 013 (]
M2 = [u,v, w]

3 = W0, 021 022 023 v
031 032 033 w

Then, using the symmetric matrix of > and >,

9 011 012 U 1 022 —O012 U
M? = [u, v] = ([u]
(011092 — 07y) _
012 022 v 012 011 v
and
-1
011 012 013 U
M? =
3 = [u,v,w] 012 022 093 v
013 023 033 w

2
0922033 — O3 013023 — 012033 012023 — 022013 U
2
5] ([U: v, w] 013023 — 012033 011033 — 013 012013 — 011023 v )v

2
012023 — 022013 012013 — 011023 011022 — 019 w

where |23| = 0110922033 — 0'110'%3 — 0'%20'33 + 20'120'130'23 — 0'220'%3, the determinant of 23.

Then,
1

M2 = m(’lﬂ()’g? — 2U’U012 + U20'11), (315)
11022 — Uq9
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M2 — w(u(012023 - 022013) U(012<713 - 011023) w(011022 - 0%2))
|33] |25 s
n U(U(013U23 — 012033) + V(011033 — 0%5) + w(012013 — 011023)) (3.16)
2y
n u(u(022033 — 033) + v(013023 |—ZU|12033) + w(o12023 — 022013)’
3

_ 2 2 2
where ‘E3| = 011022033 — 011053 — 012033 + 20'120'130'23 — 022073.
To compare M? to M2, we suppose 4 different cases according to the dependence of X3 to X and

Xs.
(1) X5 is not correlated with both X; and X5, i.e., o135 = 093 = 0.

(1) X; and X, are not correlated, i.e., 015 = 0. Then, the off-diagonal elements of the
covariance matrix are all zero.

Thus, 3 and 33 become diagonal matrices and M?, M2 are simplified as

2 2 2 2
011V° + 022U v U
M?=— """ —_ 4+ (3.17)
011022 022 011

2 2 2 2 2 2 2

W 011099 + V°011033 + U° 099033 w v U w
M2 = =—+—+—=M+—. (3.18)

011022033 033 022 011 033

Since o33 is positive and w? is nonnegative, M? < M2. As w is larger and o33 is smaller,
M3 gets greater. Then, we need X3 with a small variance and a big difference in means

between G; and G,. Also, we want to make that ratio larger.
(i) X7 and X; are correlated, i.e., 015 # 0.

From (3.15) and (3.16),

1
M2 = —2(u2022 — 2u21012 + ’U20'11)
(011022 — 07)
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. w2(011022 — U%2> + U(U(—Ulgagg) + U(O‘110‘33)) + U(u022033 + U(—O‘lga‘gg))
011022033 — 0%2033

1
2 2 2 2
= 3 (U) (0'110'22 — 0'12) +v 011033 +u 092033 — 2UUO'120'33)
033(011022 - 012)
w? N V2011 + UP099 + 2uv0s
- 2
033 0110922 — 079
2
w
= — + M?

033

(3.19)

2

Since — > 0, M? > M?. Thus, when X3 is not correlated to X; and X5, all we need
033

for the new variable is to make the ratio of the mean difference to the variance large.
(2) X3 is uncorrelated with X but correlated with X5, i.e., 013 = 0 and 093 # 0.

(1) X, and X, are not correlated, i.e., o153 = 0.

Then,
011 0 0
011 0
Y= 723 - 0 099 093
0 0929
0 o093 033
Then, from (3.15),
M2 . 0'111}2 + 0'221,62

011022
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and

-1

011 0 0 u
2 __
M3 =[u,v,w] | 0 o oo v
0 093 033 w
092033 — 0'33 0 0 (%
= ! 2 ([u,v,w] 0 011033 —011023| |v )
011022033 — 011053

0 —011023 011022 w

U2(0'220'33 — 0'53) —+ U2(0'110'33) -+ w2(0'110'22) — 27)11)(0'110'23)

- 2
011022033 — 0110353

_ 02(011033) + U2(022033) i w2(011022) - UQ(U%;;) — 20w(011093)

- 2 2
011022033 — 011093 011022033 — 011053
2 2 2 2(,2
0110 + T99l w?(011092) — u*(053) — 20w(011093)
2

o 2
011022 — ;033 011022033 — 011053

Here, the first term is greater than M/ because the denominator is less than that of
M? with the same numerator. Thus, we need to have a positive value on the second
term to ensure that M32 > M?. Then, we need the same signs of the numerator
and the denominator in the second fraction. Since the denominator of the second
term is the determinant of the matrix, it’s always positive due to the positive definite
matrix. So, we only consider both positive values, i.e., 011022033 — 011033 > (0 and
w?(011099) — u?(033) — 2vw(oy1093) > 0. Also, since a1; > 0, the first inequality

becomes 095033 — 033 > (). Here, we can get the range of 093 as

—1/ 022033 < 023 < /022033

given o33. This doesn’t help much about the range of 093 because it indicates the range
of correlation coefficient between —1 and 1 when dividing the inequality by |/022033.

. . 2
We can get the range of 033 given g3 instead. o33 > % Then, from the second
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inequality, we can get the range of w, the mean difference of X3. Given g3,

+ 2+ 2 _ 2_|_ 2
(011’0 \/(0111)) 011022U )orw < 023(01171 \/(01111) 011022U )

011022 011022

w > 093

by solving the quadratic equation for w.
We found the range of the variance of X3 and the corresponding mean difference of X3

given the covariance of (X5, X3).

(i) X7 and Xs are correlated, i.e., 015 # 0.

Then,
o1 o2 0O
011 012
Y= 23 = |o1p O O3l
012 022
0 o093 033
2 2
M2 . 011V° + O22U” — 211,1}(012)
= 5 ,
011022 — 019
and
-1
011 012 O u
M2 = [u,v,w]
3 = W, V, 012 022 023 v
0 0923 033 w
2
0922033 — 033 —012033 012023 U
1
~ Det [u, v, w] —012033 011033 —011023 v
2
012023 —011023 011022 — 079 w (3.20)
_ 1 2 2 2 2 2
~ Det U (022033 — 033) + 07 (011033) + W (011022 — 075)

— 2UU(O’120’33) + 2uw<0'120'23) — 2?]11](0'110'23))

2 2
O'33<O'11U + 09u” — 2U’U(0’12))
Det
—UQO'%g + ’UJ2(0'110'22 - O'%g) + 2uw012023 - 21]11)0'110'23

Det ’
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where Det = 011092033 — 059033 — 011055 The first term is greater than M? because
the same numerator with a smaller denominator. Then, we want to make the second
fraction positive again. Since the matrix is positive definite, the denominator that is the
determinant of M? is positive, i.€., 033(011029 — 035) — 011053 > 0. Thus, we need to
have —u?02; + w*(01102 — 03y) + 2uw0o12093 — 20wW0a11023 > 0. Then, we have the
range of o33 from the first inequality given oy as

01105

033 > - 5
011022 — 079

If we solve the second inequality for w given oo3 with 011095 — 035 > 0, w has the

range of

(—(012u — O'111)> + \/(0'12U — O'111)>2 + (0'110'22 — J%z)lﬂ)
w > 093 5
011022 — 079

or

—(019u — 0110) — u—o110)% + — 0y u?
w<023( (012 011) \/(012 011) (011022 012) >

2
011022 — 01

We can rewrite the range of w as

(—B +VB? + Du2)
w > 093 D

or

(—B— \/BQ+Du2)
w < 023 D )

where B = 012U — 011V and D = 0110929 — 0'%2.
If both the numerator and denominator are negative, it is not appropriate because the

matrix is positive definite.

(3) Xjis correlated with X and uncorrelated with X, i.e., 013 # 0 and 093 = 0. The result is

similar to (2).
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(1) X; and X5 are not correlated, i.e., 012 = 0.

Then,
o1 0 o3
011 O
Y= 723 = 0 o9 O
0 0929
oz 0 o033
Then, from (3.15),
2 2
M2 _ 0110 + 022U
011022
and
—1
onr 0 o3 U
2 _
M3 - [U,U,U)] 0 0929 0 v
o3 0 o33 w
022033 0 —022013 U
1 2
= 2 [u,v,w] 0 011033 — 073 0 v
011022033 — 022073
—092013 0 011022 w

u?(099033) + V(011033 — 0%5) + W (011022) — 2uw(o22013)
011022033 — 0220%3

U2<0'110'33) + U2(022033) i w2(011022) — 112((7%3) — 2uw(022013)

2 2
011022033 — 0220713 011022033 — 0220713
2 2 2 20 .2
. onvt + 02U w?(011022) — 2u(022013)w — v (073)
- g 2 2 :
011022 — —Jii 013 011022033 — 022073

As in (2) (i), the first term is greater than M? and we need to have both positive values
of the second fraction, i.e., 011022033 — 0'220'%3 > (0 and w2(011022) — 2u(022013)w -
v%(02;) > 0. Since g9y > 0, the first inequality becomes 0033 — 025 > 0, which is

always true. Now, we get the range of o33 given ;3 as
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Then, from the second inequality, we can get the range of w, the mean difference of X3.

Given 013,

+ 2 + 2 _ 2 + 2
(022U \/(02216) 011022V ) o W < 013(022U \/(022U) 011022V )

011022 011022

w > 013

by solving the quadratic equation for w. Both negative signs case is inappropriate
because the denominator can’t be negative. We found the range of the variance of X3

and the corresponding mean difference of X3 given the covariance of (X1,X3).

(i) X; and X, are correlated, i.e., 015 # 0.

Then,

011 012 013
011 012
Y= y &3 — | 012 099 0 5
012 022
o3 0 o33

2 2
A2 = o1l + o9ou® — 2uv(0o2)

)

2
011022 — 079
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and

-1

011 012 013 U
2 __
M3 - [U,U,'LU] 012 0929 0 v
oz 0 o033 w
022033 —012033 —022013 U
—1 2
- [w, v, W] | —019033 011033 — 0%y 012013 v
Det
2
—022013 012013 011022 — 019y w (321)

1
ﬂ (u2(022033) + 'U2(0'110'33 — 0'%3) + w2(011022 — 0'%2)

— 2uv(012033) — 2uw(09013) + 2vw(012013)>

2 2
_o33(011v? + o99u” — 2uv(012))
Det
—v20%, + w? (011099 — 0%) — 2uw099013 + 20W0T12013

Det ’

where Det = 011092033 — 035033 — 022025 The first term is greater than M ? because of the
less denominator with the same numerator. Then, we want to make the second fraction
positive again. If both the numerator and the denominator are positive, o33(011090 —
0%y) — 099075 > 0 and —v?0%; + w?(011090 — 01y) — 2uwoeo3 + 2vwooyz > 0.

Then, we have the range of o33 from the first inequality given o3 as

If we solve the second inequality for w given 0,3 with 011099 — an > 0, w has the

range of

(—(0120 — ogou) + \/(012@ — 029u)? + (011092 — 0%2)02)
w > 013 2
011022 — 073
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or

— (0190 — O9ou) — v — opu)? + — 03y)v?
w<013( (012 022) \/(012 022) (011022 012) )

2
011022 — 07y

We can rewrite this as

(—C+ VC? + Dv2)
w > 013 D

or

(—C’— V2 +Dv2>
w < 013 D ,

where C = 0120 — 022U and D = 0110929 — 0'%2.

(4) X3 is correlation with X; and X, i.e., 013 # 0 and 093 # 0. From (3.15) and (3.16),

1
M? = —————— (W09 — 2uvos + v011), (3.22)
(011092 — 07y)
M§ - (U(012U23 — 092013) | V(012013 — 011093) | w(011092 — 0'%2))
|23 |33] |25
(013093 — 012033) + V(011033 — 0%3) + w(o12013 — 011093)
+ 0 SN ) (3.23)
2
n U<U(022033 — 053) + V(013093 — 012033) + W(012023 — 022013)
|323] 7

— 2 2 2
where |23| = 011022033 — 011053 — 012033 + 20’120'130'23 — 0220713.

Then,
M2 — U"022033 UVO12033 T V011033
2 =
|33]
2 9 2 9 2 2
N —Uu055 — V2073 + W (011022 — 075) (3.24)
|33]
2uw (012093 — 022013) + 20w(012013 — 011023) + 2UV013023

| 33|
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We can rewrite the determinant of X5 as

2 2 2
|23| = 011022033 — 011093 — 015033 + 2012013023 — 022013

(3.25)
9 011033 + 0220%3 — 2012023013
2033(011022—012— )
033
Since the determinant is positive, we get the range of o33 as
- 011053 + 092013 — 2012023013
33 )
011022 — 0%2
Here, the numerator of the fraction part of the last term in (3.25),
2
0 < (V011023 — /022013)
2 2
= 011093 + 022073 — 2/011022023013 (3.26)

2 2
< 011093 + 022013 — 20’120’230’13.

The last inequality holds because 011099 — 0%2 > 0 or —/011022 < 012 < 4/011022. Thus,
the first term of (3.24) is bigger than M? because the denominator is smaller since both
o33 > 0 and 011053 + 022033 — 20120930713 > 0 from (3.26).

Then, we get the range of w from the second and third terms of (3.24) given the denominator

of those are positive. We solve the inequality for w.

(011022 — 07o)w” + 2w(u(012023 — 092013) + V(012013 — 011023)) (3.27)

2 2 2 2
+ 2uv013093 — U 053 — v 073 > 0

or

(011092 — 075)w* + 2w (u(012093 — 022013) + V(012013 — O11023)) — (w093 — vo13)* > 0.

Then,

L —F+ VDG
w
D
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- —F —VF?+ DG
w
D 9

where D = (0’110’22 — 0'%2), F = U(012023 — 0'220'13) + U(012013 — 011023), and G =

(U0'23 — ’00'13)2.

3.5.3 Summary

In this section, we investigated the conditions of the preferable predictor vector, especially
for 2-dimensional problems. We first suggested using statistical learning method to search for the
variable. Then, we use the bivariate normal case with TPM. In both ways, it reduced to the values of
the mean differences between two populations and the variance of the new variable or the covariance
with the existing variables. Below is the summary of the conditions from the TPM calculation. In

summary, let D = (011093 — 0%),

(1) 013 =023 =0

2

(i) 015 = 0: Make —— big.
033
2

(i) 012 # 0: Make —— big.
033

(2) 013 =0,093 #0

(1) 012=0
2
o
U33>ﬁ;
022
0110 + A/ (0110)2 4 01109912 0110 — v/ (0110)? + 01102912
w>023( 11 \/( 110) 11022 )0rw<023( 11 \/( 110) 11022 )
011022 011022
(i1) 0127&0
2
0110
033 > D23’
— (019U — 0110) + 019U — 0110)2 + Du?
w>023< (012 110) \/l()m 110) )
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or

_ _ _ — 21 Dud
w<023( (019U — 0110) \/éalgu o11v)2 + u>

(3) o13# 0,023 =0

(1) 012=0
2
o
011
020U + \/ (0991)2 + 01109902 029U — / (T991)2 + 01109902
w>013( 22 \/( 22) 11022 )0rw<013( 22 \/( 22) 11022 )
011022 011022
(i) 012 #0
2
09290
033 > D137
_ _ _ 2 1 Dy2
w>0_13< (0’12U UQQU)"’\/(O—]_QU O'QQU) + U)
D
or

_ _ _ _ 2 D 2
w<013( (0120 — T2u) \/l(jalzv O9ou)? + v)

(4) 013 7& 0 and 093 7& 0.
2 2
011053 + 092075 — 20120230713
033 > )

D

. —F+ VDG
w
D

or
—F—VF?+ DG

w < 5 :

where F' = u(012023 - 0'220'13) + ’U(0'120'13 — 011023) and G = (UO’23 - UO'13>2.

When the new variable is independent of the two existing variables, we only need to make the
2

.w . .qe . .
ratio — larger. Thus, to increase the probability of a correct decision, we have to select a new
033
variable that is independent of the existing variables with a small variance and a big difference
in means. If the new variable is independent of only one of the existing variables, adding a new

variable does not always guarantee in the probability of a correct decision, but we can get the range
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of the variance of X3, 033, along with the range of the mean difference of X3, w, given covariances.
2

) ) ) .. w .
If we can fix the covariances either O or not zero, all we need to do is to maximize —. Then, in
033

any given range of o33, we take the smallest value for it and take w as big as possible.

Example 1

We check the condition of X3 with examples. Suppose there are two bivariate normal popula-
tions. Population 1 has the mean vector of (5,2)" and Population 2 has the mean vector of (1,4)’.
The covariance matrix is common but we only set the variances as 2 and 4, respectively. Then, the

covariance matrix is

To check the condition of X3, the mean difference becomes (4, —2, w)’ and the covariance matrix is

set as

2 o012 o013

o2 4 093

013 023 033
Then, let’s check the example for each case above. We will generate 80 data points for each popula-
tion given the mean vector and the covariance matrix. We use lda from R to find the classifying

rule and create the confusion matrices.

Let’s calculate the ranges of w and o33.
(1) o013 =093 =0

(1) 0192 = 0.
2

.. . . w .
(ii) 012 # 0. In both cases, we just need to make the ratio, —, big.
033

(2) 013 = 0,0’23 7£ 0 and let 093 = 2.
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(1) 012 = 0. We have 033 > 1 and w > 2.

(i1) 012 # 0 and let o5 = 1. We have o33 > 1.1428 and w > 1.5047.

(3) 013 7é 0,0’23 = 0 and let J13 = 1.5.

(i) 012 = 0. We have o33 > 1.125 and w > 4.835.

(ii) 012 # 0 and let o5 = 1. We have o33 > 1.2857 and w > 7.877.

(4) No zero entry in covariance matrix.

2 0 15 2 1 15
LetX=10 4 2|, X=1]1 4 2| foro;s =0ando, # 0, respectively. Since

1.5 2 25 1.5 2 2
we have o33 > 2.125 and w > 2.1514 when 05 = 0. Also, we have o33 > 1.5714 and

w > 2.873 when 015 # 0.

Thus, to create the confusion matrices, let’s first fix o33 then, change w to increase the ratio,

w?

033

(1) 013 = 023 = 0 and 033 = 2. w takes 3 and 6 by (4,1) and (7,1), respectively.

(i) 012 = 0. Then, the confusion matrices before and after the preferable predictor vector are

Before To w=3 To w=6 To
G | Gy G | Gy G | Gy
Gy |77 3 |80 Gy 7911 |80 Gy |8 | O |80
From From From
Gy | 5175180 Go| 1 |79 |80 Gy | 1 179 |80

Table 3.8: Confusion Matrices before/after the Preferable Predictor Vector

when 012 = 013 = 0923 = 0

(i1) 012 # 0, then make o5 = 1.
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Before To w=3 To w=6 To
G1 GQ Gl G2 Gl G2
Gy |78 | 2 |80 Gy|76 | 4 |80 Gy |8 | 0 |80
From From From
Go| 3 |77 80 Go| 1 |79 80 Gy | 0 | 80 | 80

Table 3.9: Confusion Matrices before/after the Preferable Predictor Vector

when 012 = 1 and 013 = 023 = 0

(2) 013 = 0, 0923 7£ 0, then, make 093 = 2.

(i) 012 = 0. Then, 033 = 2 and w takes 3 and 6.

Before To w=3 To w=6 To
G1 Gg Gl GQ Gl G2
G| 771 3 |80 Gy|179] 1 |80 G, 8 | 0 |80
From From From
Gy | 5 |75 |80 Go| O | 80 | 80 Go| O | 80 | 80
Table 3.10: Confusion Matrices before/after the Preferable Predictor Vector
when 012 = 013 = 0 and 0923 — 2
(ii) 012 # 0 and let o5 = 1. Then, 033 = 2 and w takes 3 and 6.
Before To w=3 To w=6 To
G1 G2 Gl GQ Gl G2
G, |78 2 |80 G;]18 | 0 |80 G;]18 | 0 |80
From From From
Go| 3 |77 80 Gy | 0 | 80 | 80 Gy | 0 | 80 | 80

Table 3.11: Confusion Matrices before/after the Preferable Predictor Vector

when 019 = 1,0’13 = 0, and 0923 = 2

(3) 013 7é 0,0’23 = (, then make J13 = 1.5.

(1) 012 = 0. Also, 033 = 2 and w takes 5.
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Assigned to Assigned to
Popl | Pop2 Popl | Pop2
Observations | Popl | 77 3 80| | Observations | Popl | 79 1|80
from Pop2| 5 | 75 |80 from Pop2| 1 | 79 |80
Table 3.12: Confusion Matrices before/after the Preferable Predictor Vector
when 19 = 0,013 = 1.5, and 93 = 0
(i1) 012 # 0, then 015 = 1. Let 033 = 2 and w takes 8.
Assigned to Assigned to
Popl | Pop2 Popl | Pop2
Observations | Popl | 78 2 | 80| | Observations | Popl | 80 0 |80
from T popa | 3 | 77 |80 from T pop2 | 0 | 80 |80

Table 3.13: Confusion Matrices before/after the Preferable Predictor Vector

when 012 = 1,0’13 = 15, and 0923 = 0

(4) No zero entry in covariance matrix.

2 0 15 2 1 15
LetX =0 4 2 |orX=1|1 4 2 |.Takew=3 for both cases. Then, confusion
1.5 2 25 1.5 2 2
matrices are
Assigned to Assigned to
Popl | Pop2 Popl | Pop2
Observations | Popl | 78 2 | 80| | Observations | Popl | 78 2 180
from Tpop2 | 3 | 77 |80 from Tpop2 | 1| 79 |80

Table 3.14: Confusion Matrices with the PPV when 015 = 1.5 and 093 = 2
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Summary

When the conditions for the preferable predictor vector are met, the probability of correct
decision is at least improved based on the calculation of APER for all examples. However, the
location of the means of X3 affects the rate of improvement and it needs to be further investigated.
In this example, the mean of X3 of the second group was fixed as 1 and calculated the mean of
the first group depending on the given w. When we change the fixed mean to a different value and
change the corresponding other mean, we observe a different number of misclassified points. It

must be related to the dispersion of the group and the location of the mean of new variable.
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Chapter 4

Multiple Decision Procedures and Statistical

Classification

4.0.1 The Indifference-Zone Approach as a Statistical Classification

One way to explain the classification process is that it is one of the identifying processes and
the selection and ranking methodologies are identifying processes, too. The indifference-zone
approach results in two groups of populations, one with the best population and the other without
the best population. When we have the result of the indifference-zone approach, we can look it
from the statistical classification viewpoint and propose to update the procedure by applying the

statistical learning.

4.1 The Indifference-Zone Approach with Statistical Learning

When we consider the indifference-zone approach with statistical learning , we can focus
on the discerning measure of distance, . We can think of it in two ways. First, we update the
discerning measure of distance after adding a new population. Second, we update the discerning

measure of distance by increasing the required probability of correct selection.
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Updating 6 When A New Population Is Added

Let’s take a look at the first way to update the discerning measure of distance. In the
indifference-zone approach, we select the best population by the samples whose size is calcu-
lated given 6* and P* with known variance. Suppose we take ¢ best populations from & populations.
From the Table A.1 in GOS book, the value 7 was calculated, where 7 = \/ﬁ% We notice that
there is a positive relationship between ¢ and the probability of a correct decision if you keep the
other values (sample size and variance) the same. After selecting the best population, if we add one
more population, the number of populations goes from K to K + 1 in the table, so we need a new
discerning measure of distance that should be larger than before. Then, a new discerning measure
of distance, d;,1 = Ad*, is required and, at least to keep the same probability of correct selection

level, we need to have a new larger J between the best and the second best population since the

. .. . . r(k+1
number of population is increased. A’s(A > 1) are calculated by taking ratio of (T( ) ) under the
. . .
same P* level and a table for A is provided below.
p1
0.75 0.9 0.95 0.975 0.99 0.999
0.9539 1.1824 2.3262 2.7718 3.29 4.3702 p*
3 1.4338 2.2302 2.7101 3.1284 3.6173 4.645 0.75 0.9 0.95 0.975 0.99 0.999
4 1.6822 2.4516 2.9162 3.222 3.797 4.7987 30 1.503093 8 1.886164 1.165033 1.128653 1.099483 1.06288
5 1.8463 2.5997 3.0552 3.4532 3.9196 4,9048 4 1.173246 1.099274 1.076049 1.029919 1.049678 1.033089
K 6 1.9674 2.71 3.1591 3.2517 4.0121 4,9855 K 5 1.097551 1.06041 1.047665 1.071757 1.032289 1.02211
7 2.0623 2.7972 3.2417 3.6303 4.086 5.0504 + 6 1.065591 1.042428 1.034008 1.0238524 1.023599 1.016453
] 2.1407 2.8691 3.3099 3.6953 4,1475 5.1046 7 1.048236 1.032177 1.026147 1.02213 1.013419 1.013018
9 2.2067 2.9301 3.3679 3.7507 4,1999 5.1511 8 1.038016 1.025704 1.021038 1.017905 1.015051 1.010732
10 2.2637 2.9829 3.4182 3.7989 4.2456 5.1916 9 1.030831 1.021261 1.017523 1.014992 1.012634 1.009109
15 2.4678 3.1734 3.6004 3.9738 4.4121 5.3407 100 1.02583 1.01802 1.014935 1.012851 1.010881 1.007862
Table A.1 for T from GOS book A from Ratio of t's

Figure 4.1: Table A.1 from GOS book(left) and a Table of A Calculated(right)

When the new sample mean is greater than the new d;; from the old largest sample mean,
where 0.1 = X (k+1] — X k], We select the new population as the best population with at least the

same probability of correct selection.
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5k+1 5k+l

a* 2
! '
T Xie] — Or+1 Xp—1 X T Xy + 5k+1T
‘?New A?N,E_.W fNEW

Xikp + Ok+1 < Xnew] = X{new] is selected as the best population.
)_{[R] + 0k+1 = Indifferent between )2'[;(] and }_f[mew]-

Xik—1 = Indifferent between )_fm and Xk—1j.

)_"f[k—u = )_i[mew]

IAIA A

X[New]

Figure 4.2: Location of X New and the Selection Rule

If we want to select 2 best populations after you add one population, the number of populations

becomes k + 1 from k and the discerning measure of distance becomes 01,

Okt1 = X[k} - X[k—l] given
“4.1)

o = Xy — Xpp-1)-

When we use the same way as above, 0,1 = Adx, we have the following table for A below.

p* t=2 t=2

0.75 0.9 095 0975 093 0.999 p* p*
3 14338 22302 2.7101 3.1284 3.6173 4.643 0.75 0.9 0.95  0.975 0.99  0.999 0.75 09 035 0375 099 0.999
4 1.6822 24516 2.9162 3.222 3.797 4.7387 4 19037 2.6353 3.0808 3.472 3.9323 4.9099 4 1.3277 11816 11368 11098 1.0871 1.057
5 18463 2.5997 3.0552 3.4532 3.9196 4.5048 5 21474 2.8505 3.2805 3.6591 4.1058 5.0584 5 1.2765 1.1627 1.1249 11357 1.0813 1.0541
K 6 19674 271 3.1591 3.5517 4.0121 4.9855 6 2.3086 2.9948 3.4154 3.7862 4.2244 51611 Kk 6 12504 1.152 1.1179 1.0964 1.0778 1.0523
7 20623 2.7972 3.2417 3.6303 4.086 5.0504 k 7 24277 3.1024 3.5164 3.8818 4314 52393 + 7 1234 1.1448 11131 1.0929 1.0752 1.0509
8 21407 2.8691 3.3099 3.6953 4.1475 5.1046 8 25215 3.1876 3.5968 3.9581 4.3858 5.3023 1 B8 12227 1.1396 11095 1.0903 1.0734 1.04%9
9 2.2067 2.9301 3.3679 3.7507 4.1999 5.1511 9 25984 3.2579 3.6633 4.0214 4.4454 5.3549 9 1.2138 1.1355 1.1068 1.0882 1.0718 1.049
10 2.2637 23823 3.4182 3.7983 4.2456 5.1916 10 2.6634 3.3176 3.7198 4.0753 4.4964 5.4 10 1.207 1.1322 1.1045 1.0865 1.0706 1.0483

Table A.1 for T from GOS book Table N.1 from GOS, T A from Ratio of t's

Figure 4.3: A for Selecting Two Best Populations

From the relationship between J; and d;, 1 above, they share the same location for the discerning
measure of distance, X K] — X (k—1]. For example, 7(3) from Table A.1, 1.4338, and 7(4) Table N.1,

1.9037, include the same discerning measure of distance under the same column. However, 7(k)
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from Table A.1 is always smaller than 7(k + 1) from Table N.1 given the same P*. Thus, if we

7(k + 1) in TableN.1
7(k) in TableA.1

Figure 4.3. So, when we need to select 2 best populations after adding one more population with

let 05,1 = Adp and A > 1, A can be calculated from as the right table from
the same level of probability of correct selection, we need dx1 > Jx, which is unattainable even
when the new sample mean is greater than X (k) because 0j41 = 0y already in (4.1). Then, other
values being equal, the probability of correct selection should decrease, P*(k + 1) < P*(k) if we
want to select the two best population after adding one new population. We can’t achieve the higher

probability of correct selection for this case.

§k+1

xbar{k-1] xbar(k] xbar[NEW]

Figure 4.4: 6511 > 0 is Required.

Updating 6 When Increasing P*

The next approach is to increase the probability of correct selection, P*. We keep the same
number of populations and have the same variances. From Table A.1 of the GOS book, it’s moving
one column to the next or the other on the right. If we increase P* to the next level provided, i.e.,
from 0.75 to 0.9 or from 0.975 to 0.99, we can create a table of A for §(new) = Ad(old) and can

P*
be calculated from the ratio of T(—”fw), where 7(Pr,,,) > 7(Ph,).
T(Poa)
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P# P#

0 09 0.95  0.975  0.99  0.999 0.9 0.95 0.975 0.99 0.999
2.3268 2.7718  3.29 h.3702 2“ 1.967 1.192 ml.azs
3 1.4338 2.2302 2.7101 3.1284 3.6173 4.645 3 1.555 1.215 1.154 1.156 1.284
4 1.6822 2.4516 2.9162 3.222 3.797 4.7987 4 1.457 119 1.105 1.178 1.264
5 1.8463 2.5997 3.0552 3.4532 3.9196 4.9048 5 1.408 1.175 1.13 1.135 1.251
, 6 19674 271 3.1591 3.5517 4.0121 4.9855 . 0 1377 1166 1124 113 1.243
7 2.0623 2.7972 3.2417 3.6303 4.036 5.0504 7 1.356 1.159 1.12 1.126 1.236
8 2.1407 2.8691 3.3099 3.6953 4.1475 5.1046 & 1.34 1154 1.116 1.122 1.231
9 2.2067 2.9301 3.3679 3.7507 4.1999 5.1511 5 1.328 1.149 1.114 1.12 1.226
10 2.2637 2.9829 3.4182 3.7939 4.2456 5.1916 10 1.318 1.146 1.111 1.118 1.223
15 2.4678 3.1734 3.6004 3.9738 4.4121 5.3407 15 1.286 1.135 1.104 111 1.21
Table A.1 for T from GOS book A toincrease P*
Figure 4.5: Increasing P* to the Next Level and Updating §*
p* p*
0.75 0.9 0.95 0.975 0.99 0.999 0.9  0.95__ 0.9 0.99 0.999
2@1.1824 2.3252 3.29 4.3702 2 1.2395 2.4386) 2.9058f 3.449 4.5814
3 1.4338 2.2302 2.7101 3.1284 3.6173 4.645 3 1.5554 1.8902 2.1819 2.5229 3.2396
4 1.6822 2.4516 2.9162 3.222 3.797 4.7987 4 1.4574 1.7336 1.9153 2.2572 2.8526
5 1.8463 2.5997 3.0552 3.4532 3.9196 4.9048 5 1.4081 1.6548 1.8703 2.1229 2.6566
, 6 19674 271 3.1591 3.5517 4.0121 4.9855 ., 0 1.3775 1.6057 1.8053 2.0393 2.5341
7 2.0623 2.7972 3.2417 3.6303 4.036 5.0504 7 1.3563 1.5719 1.7603 1.9813 2.4489
8 2.1407 2.8691 3.3099 3.6953 4.1475 5.1046 8 1.3403 1.5462 1.7262 1.9375 2.3845
9 2.2067 2.9301 3.3679 3.7507 4.1999 5.1511 9 1.3278 1.5262 1.6997 1.9032 2.3343
10 2.2637 2.9829 3.4182 3.7939 4.2456 5.1916 10 1.3177 1.51 1.6782 1.8755 2.2934
15 2.4678 3.1734 3.6004 3.9738 4.4121 5.3407 15 1.2859 1.459 1.6103 1.7879 2.1642
Table A.1 for T from GOS book A toincrease P*

Figure 4.6: Increasing P* from 0.75 to a New P* (a different column) and Updating ¢*

We can improve the selection procedure with a higher probability of CS by updating the discerning

measure of distance.

Now, we combine the previous two methods by adding one more population after increasing
the probability of correct selection. We make the product of A’s of Figure 4.6 and Figure 4.1. Figure
4.7 below shows the multiplier, A, when we increase the probability (from P=0.75 to a new column)
and a new population is added. We select one best population when k—k+1 with a new probability

of correct selection.
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P#
0.73 0.9 0.95 0.975 0.9% 0,999

2
3 2.338 2.8411 3.27%6 3.7921 4.8695
4 1.7099 2.0339 2.2472 2.6482 3.3463
5 1.5454 1.8162 2.0528 2.33 2.9157
6 14678 1.711 1.9237 2173 2.7003
7 14218 1.6477 1.8452 2.0769 2.567
8 1.3912 1.605 1.7918 2.0111 2.4752
9 1.3688 1.5733 1.7321 1.9619 2.4063
10 1.3517 1.549 1.7215 1.924 2.3527

Figure 4.7: Increase the Probability and Add one more Population

(P*=0.75 to anew column and k — k+1)

In this section we update J, the discerning measure of distance of the indifference-zone approach,
based on the situation, either adding one population or increasing the probability of a correct
selection. To have at least the same level of probability of correct selection, we need to have a larger
value of 0 than before. After the selection has been done, if we add one more population, we only
can select one best population with the same level of probability. If the two best populations are

selected, then the probability level must decrease.

93



Chapter 5

The Statistical Classification Utilizing the

Indifference-Zone Approach

5.1 Variable Selection with the Indifference-Zone approach

In recent studies in classification, researchers have huge data to deal with, especially, many
variables as predictors. Including all the variables when modeling classification makes the model
complex, takes time in computation, makes it difficult to understand (or interpret) after the model
is set, and sometimes decreases the accuracy of the model. Thus, reducing the dimensionality of
predictor variables is one of the most studied fields in classification and statistical learning. This
process is meaningless if reducing the dimensionality loses the important information the variables
have. Thus, we want to keep the information as equal as possible while reducing the number of
variables.

There are two approaches to dimension reduction methods; variable (feature) extraction and
variable (feature) selection. Variable extraction uses the projection of the variables into a new
variable space with lower dimensionality. Variable selection selects a subset of the variables
that optimize the relevance and redundancy. Principle Component Analysis (PCA) and LDA are

examples of variable extraction. Variable selection includes the techniques of Information Gain,
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Fisher Score, and Lasso. We focus on variable selection because variable selection retains the
original variables and is easier to interpret than variable extraction.

Also, since variable selection is the learning using the training data, there are supervised
variable selection and unsupervised variable selection depending on the labeled target variable.
Supervised variable selection, then, can be categorized into filter methods, wrapper methods, and
embedded methods. Filter methods happen before the classification process using some properties
such as distance, correlation, or information. Filter methods choose the best subset of variables
by evaluating them based on certain criteria. So, variables are evaluated individually. Wrapper
methods consist of a series of steps; select a subset of variable, continue to finish the classification
process, evaluate the performance of classification, and select a new subset to iterate the procedure.
Since filter methods do not proceed to classification, they are computationally faster and less
expensive than wrapper methods. Wrapper methods predict more accurately than filter methods.
Embedded methods combine the advantages of filter methods and wrapper methods by including
interactions of variables with the classification process with reasonable computational costs. Filter
methods use Information Gain, Fisher Score, Chi-square test, and correlation coefficient as variable
selection techniques. Wrapper methods’ algorithms are forward variable selection, backward
variable selection, and recursive variable selection. In embedded methods, there are techniques such
as Lasso Regularization, Bridge regularization, and Random Forest Importance.

Among filter methods, the correlation coefficient evaluates the relevance between the variable
and the target variable at the same time it measures the correlation among predictor variables. So it
can evaluate the relevance and the redundancy together unlike the other filter methods. If a variable
is highly correlated with the target variable and uncorrelated with other predictor variables, it should
be a good variable to be selected. For this selection method, we incorporate the selection and
ranking methodologies, especially, the indifference-zone approach using the correlation coefficient

and multiple correlation coefficients.
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5.1.1 IZ approach using Correlation Coefficients

When there are k pairs of variables, (Y, X;), (Y, X5),..., (Y, X}), and each pair has the bi-
variate normal distributions with correlation coefficients, pi, po, ..., pr, we can select the pair
with the largest p, pj) with a probability condition from the indifference-zone approach methods.
Also, we can select ¢ pairs of variables from the largest correlation coefficients as the ¢ most
highly correlated pairs. We can order the correlation coefficients from the smallest to the largest
as pp) < ppp < - < ppy. If we apply this setup to a classification problem, Y is the response
variable and Xs are the predictor variables, ¢ = 1,2,..., k. This selection procedure based on
the indifference-zone methods yields the same results as the variable selection process for pre-
dictors in classification. If we assume that we have a multivariate normal distribution for X =
(X1, Xa, ..., X)) and the response is the linear combination of these, then the pair between the
response variable and one of the predictor variables follows the bivariate normal distribution. Since
the higher correlation between the response variable and the predictor variable means a higher
relevance between them, we prefer the variable with a higher correlation coefficient. For a selection

problem of the largest p, the probability requirement is

P(CS) > P* whenever pj) — pjg—1] = 6 > 0%,
where P* and 6* are prespecified. In the same way, for the problem of selecting ¢ largest p variables,
the probability requirement is

P(CS) > P* whenever pj_¢41] — ppe—y = 6 > 0,

where P* and ¢* are prespecified. Thus, by using the method of selecting ¢ largest correlation
coefficients among & populations, we can select the variables to include the classification process.
Suppose there are 4 variables, (X7, X5, X3, X), from a multivariate normal distribution with

mean (2,4, 3,7) and covariance matrix
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0300
. We assume the variables are independent. Let’s set the response variable as a sum

0050

000 4
of these four_variables, Y =(X; + X5 + X3 + X4). Then, we calculate the correlation coefficients

between the response variable and four variables, cor(Y,X;), 1 = 1,2,3,4. They are 0.378, 0.567,
0.945, 0.756, respectively. Thus, the first variable shows the lowest relevance and we can get rid
of this variable from our predictors for classification. When we generate 100 observations and
calculate the sample correlations, they are 0.345, 0.394, 0.682,0.458, respectively. It still shows
the least relevance between the first variable and the response variable. If we make two classes
for the response variable, we make one class if the response is greater than 15 and the other class
otherwise. From the same generated data, the correlations are 0.2785, 0.4274, 0.3230, 0.4241. The
first variable has the lowest correlation with the response again. Then, in the indifference-zone
approach, we can set the discerning measure of distance and the level of probability of a correct
decision and find the number of samples needed from Table I of [4]. Then, we can select a fixed

number of variables to use in the classification process.

5.1.2 IZ Approach Using Multiple Correlation Coefficients

The correlation between the response variable and the predictor variable represents the rel-
evance. We selected variables with a high correlation with the response variable in the previous
section. If there is a high correlation between two predictors, one of the variables overlaps with
the other and the second variable does not add much information to the model. These variables
are said to exhibit redundancy. Also, the presence of redundant variables overfits the classification
model and lengthens computations. Thus, we want to select variables with high relevance and low
redundancy. If we observe high redundancy, we do not include it in the subset of selected predictor
variables for classification. In other words, the multicollinearity represents the dependency among

the variables and can be measured by the variance inflation factor(VIF). The larger the VIF, the
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higher the dependency. Since VIF and Multiple Correlation Coefficient(MCC) are related by the
1

1—MCC?

indifference-zone approach. We remove the variables with MCC closer to 1. For MCC, the subset

following equation, VIF = we use MCC for variable selection process based on the
selection method is also available by Gupta and Panchapakesan (1969).

The multiple correlation coefficient measures the relationship between one variable and the
others. Suppose there are k variables, X7, X1, ..., X;. Then, the multiple correlation coefficient,

pi, measures the relationship between X; and (X1, Xo, ..., X; 1, Xjp1,..., X), 0 =1,2,... k.

. \/1 R _ \/_|R<X>| e

where )
I pi2 p13 ... pu
pr 1 paz .. pag
R(X)= |ps1 ps2 1 ... pa| isthe matrix with all correlations, | - | is the determinant of
o Pr2 Pz oo 1

the matrix and R;(X) is the minor of R(X) with i** row and column are removed.

Suppose there are 4 variables from a multivariate normal distribution with mean vector of

2 01 2
0200 .
(2,4,3,7) and the covariance matrix, . We generated 100 data for each variable and
1 0 41
2 01 4
calculated MCC for each variable.
p1 = 0.75895,
p2 = 0.12468,
ps = 0.32115,
ps = 0.74338.

The first variable has the highest MCC and the second variable shows the lowest. From the correla-

tion matrix below, we can verify that these numbers make sense. First of all, the second variable is

98



independent of all other variables so it has a very low MCC, 0.1246. The first variable is highly
correlated with the fourth variable and still correlated with the third variable. Thus, it has the highest

MCC, 0.75895. ]
1.000  —0.110 0.321  0.742

—0.110 1.000 —-0.031 -0.121
R(X) =
0.321 —-0.031 1.000 0.225

0.742 —-0.121 0.225  1.000

Example 2

We generate 1000 samples from two populations with a common covariance matrix for 10000 times.

The mean vectors and the covariance matrix are

3 3 211 2

4 1 1 200
H1 = , Mo = ,and X =

3 3 1 0 41

5 5 2 01 4

We use LDA to classify and record the misclassified points by removing one variable each. Also,

MCC from the last sample is recorded.
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Total Misclassified Points

MCC

Full Model 1,192,012
X | 0.7983

Without X, 2,881,374
X5 | 0.5061

Without X 9,717,441
X3 1 0.3763

Without X3 1,333,033
X, | 0.7495

Without X, 2,090,249

Table 5.1: Results from Simulation: Misclassified Points (left) and MCC from the Last Simulation

(right)

From MCC, X needs to be removed from classification. However, when we check the cumu-
lative misclassified points with one of the variables removed, X is the one that can be removed.
Removing X increases the misclassified points almost three times. If we check the sample correla-
tion matrix among the input variables along with the response variable from the last sample, we can

notice why X3 shows the least changes but X, shows the most changes.

[ 1.000 0.3234 0.3449  0.6965  0.0430 ]
0.3234 1.000 —0.0285 —0.0361 —0.7138
R=10.3449 —0.0285 1.000 0.2630  0.0274
0.6965 —0.0361 0.2630 1.000 0.0352

10.0430 —0.7138 0.0274  0.0352 1.000 |

X3 has the smallest correlation with the response variable and X, shows the largest correlation
with the response variable. Thus, we can remove X3 from the classification but need to keep Xo.

Variable selection appears to be more influenced by correlation than MCC.

5.1.3 Summary

Using the indifference-zone approach, we select several variables that show high relevance with

the response variable and low redundancy among the input variables. The correlation coefficients
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for the relevance and the multiple correlation coefficients for the redundancy are used in the

indifference-zone approach.
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Chapter 6

Conclusion

6.1 Concluding Remarks

In this dissertation, we focused on improving statistical classification using the multiple
decision-theoretic perspective along with the probability of a correct decision. First, we showed that
the probability of correct decision got improved as we proposed a method of increasing dimensions
by introducing a preferable predictor vector to the classification problem when the populations
are not linearly separable in the current vector space. Adding a preferable predictor vector to
the 2-dimensional classification problem resulted in improving the separability of the populations
and causing a higher probability of correct decision in the case of either with Normal population
assumption or without the distribution assumptions. To show the improvement in the probability
of correct decision, the total probability of misclassification (TPM) was calculated in the case of a
normal distribution, and the apparent error rate (APER) was used in the case where the distribution
of the population was not considered. In both cases, we showed that the calculated TPM and APER
got smaller after adding a preferable predictor vector to the problem.

We investigated the conditions on the preferable predictor vector especially when we add
one variable to the 2-dimensional multivariate normal distribution case. The conditions depend

on the value that is called the separability, the ratio between the mean difference and the variance
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of the new variable. If the new variable makes the mean distance larger and the variance of itself
smaller, the performance of classification improves significantly. Also, we find the range of mean
difference of the new variable between the groups and the variance of the new variable depending
on the various situations of covariance. This helps to find a new variable by data mining or machine
learning.

Also, we updated the discerning measure of distance, d, which works as the classifier in the
indifference-zone approach. The indifference-zone approach can be viewed as a classification
process and we update the classifier as we intend to improve the correct selection by updating 9.
We found a new decision rule (allocation rule) after we update 6. When you add a new population
once the indifference-zone approach classifies the populations into two groups, the mean of the new
sample needs to be greater than the value of updated ¢ added to the current largest sample mean to
be selected as the best population.

Lastly, we apply the indifference-zone approach to variable selection method. The variable
selection is one field of techniques that improves the performance of classification. We use the
correlation coefficient to select the variables in terms of relevance and the multiple correlation
coefficient (MCC) concerning the redundancy. In the former case, the correlations between the
response variable and predictor variables are used and the variables with high correlation are
selected. The MCC was calculated among the predictor variables and the variables with high MCC
are eliminated from the classification procedure in the latter case. The indifference-zone approach
was incorporated to variable selection process as a part of filter methods which is the supervised
learning process. The indifference-zone approach also can be viewed as supervised learning and
this would be the first step to improve classification with the help of multiple decision-theoretic

approaches.
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6.2 Future Research

We can apply the selection and ranking methodologies to clustering by using the subset selec-
tion method and extend to unsupervised learning. We investigated the indifference-zone approach
with classification as a supervised learning. The subset selection method chooses a random number
of subsets of populations based on the distance measure from the best population, and it seems very
similar to the approach of clustering that identifies the groups based on similarity.

When we searched for the preferable predictor vector, we mainly assumed no correlation in
the populations of a two-dimensional space. It can be extended to a model with correlated variables
in higher dimensions. The cases when the existing variables are correlated, i.e., the presence of
multicollinearity, or the new variable is also correlated to the existing variables need to be studied.
Also, if a correlation exists, the difference in the means of the new variable and the position of the
means according to the covariance structure must be considered.

Additionally, we can find the conditions of new variables under the assumption of different
covariance matrices, non-homogeneous variance structure, which results in using the quadratic
discriminant analysis (QDA).

In a variable selection, the subset selection method can be used. We used the indifference-zone
approach in selecting variables as a filter method. Then, the subset selection method using the
correlation coefficients or the multiple correlation coefficients can be suggested.

Finally, it is open to a different distribution than the normal distribution in the indifference-zone

approach such as multinomial distribution to select the best population and apply to classification.
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Obs. #

W 00~ o U1 B WM

NN RNNMNNRERPRRPR R RRPR R R B R
B WNRO OO OMBR WNRK O

Population 1

X1
4.300567
4,011662

4,37474
4.867079
6.097528
4,180541
5.701875
4,964999
3.320979
5.910952
4,648815
6.864118

5.56524
6.434023
3.795829
5.668982

1.20664
6.243835
7.517228

4.02874
4.627044
4,722713
4,206396
4,633597

Appendix A

Table of Simulated Data

X2
0.308764
3.671797
2.339903
3.305318

3.08507
1.089468
5.171768
1.250068
4,495727
2.506212
1.883447
0.202104
0.765603
1.454564
0.042809

0.90868
2.015277
2.663312
1.900256
3.615446
1.173103

2.96758

1.14798
2.083621

X3
1.471935
0.925852
3.381852
0.997628

0.00819
-0.13959
-0.05045
1.373793
3.166968

0.35305
1.526898

1.42144
0.551688
-0.32116
0.226859
-0.61291
-0.48805
2.172805
0.379494

2,16827
1.528298
1.222523
0.397136
2,223939
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Obs. #

W 00~ OB W

NN RNNMNNRERPRRPR R RRPR R R B R
W N R O WU W =R O

Population 2

X1

-0.0527
2.636933
0.601214
1.282419
2.319158
-1.34548
1.341192
0.234424
0.943785
1.748057
1.462917

2.61408
1.055463
-0.59994
3.620405
-0.83741
4.247428
2.405615
0.365304
2.583384
3.803936
0.027694
2.322236
1.179548

X2
2.686896
3.316567
4,924551
2.406523
5.750168
6.119093

3.27951
3.040715
4.414515
4,703287

4,91722
3.207272

7.7251
3.297073
4,547785
4,613877
2.998743
1.462053
1.461193
5.682138
6.382254

4,10457
4,117807
5.064051

X3
3.630259
2.411755
5.582598
2.828634
4,582254
2.602767
5.169708
3.576857
4.941452
3.678723
3.050798
4,112841
2.723269
4,925044
4,408665
4.094161
4.091477
4.610938
4,384639
3.354964
4,157226
2.142664
3.700322
4,112798



25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

6.896299
4.488814
4.555107
5.583524
5.659845
1.688312
3.662728
2.577386
5.126652
4.366149
3.737603
7.647266
5.127991
6.900349
6.074019
4.429774
2.381089
7.124778
1.911757
6.580679
0.907833
4.101977
3.433955
6.505177
6.322386
2.873762
5.383071
1.005433
5.294524
7.228385
4.964652
5.896688
5.20781
7.08381
6.490856
5.7572
2.249173
3.928348
4.960293
4.274524

2.348108
2,208996
1.754463
4,973978
4.62085
3.734739
1.952616
2.689393
1.222987
3.049245
0.280569
2.965177
-0.22047
3.232466
2.753902
0.941245
3.123743
3.043012
-0.04682
2.439667
1.339103
2.264648
2.087751
2,299509
1.62338
0.873052
4,047764
3.000263
2.023439
2.17767
4,088579
2,195519
4.017024
1.275494
3.335874
3.484892
2,345594
4,100868
2.074876
-0.19053

0.095306
-0.34768
2.034355
0.815873
-0.32164
2.036834
1.473787
1.252452
1.700033
0.210839
0.748442
1.321449

0.88554
1.716617
0.043742
-0.43109
-2.05265
1.249841
-0.08058
2.176173
2.085874
1.509775
1.714609
0.594614
1.149423

2.56388
1.902142
1.877256
-0.52252
0.084097

0.86578
0.474793
0.886887
0.192664
1.762084
1.317366
-0.04846
1.359471
-0.60257
2.098338
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

0.189145
2.927768
2.060682
0.264068
0.40129
3.376597
0.13082
1.918058
0.55444
1.045442
-0.63048
1.346133
1.378425
-0.00904
0.873588
2.121526
1.474252
2.947884
-0.32304
0.202988
-0.2325
-0.29387
0.414098
-0.62521
0.778975
-1.06278
0.921547
2.219981
0.690611
0.879927
0.49822
2.853276
1.20743
5.807641
1.7559
1.851354
0.212663
2.503638
2.148097
-0.2079

3.69387
3.097354
6.367051
2.177258
8.043494
-0.10886

7.22023
5,145987
6.631264
1.476913
-0.99487
2.812575
3.036861
5.657347
5.080463
3.811204
6.759079
4,040333
3.193836
3.627412
7.225328
4.638728
4,321298
1.040963
5.499505
4,444632
2.662757
4,272315

5.39773
5.182032

-1.3043
2.073006
2.914732
6.038529
2.435053
2.387267
1.093088
2.677533
3.353684
4,614915

2.873813
5.600985
2.042531
5.886238
3.873915
3.004958
3.949034
4,263813
4.081893
5.590778
1.791395
3.301768
2.068026
5.026096
3.096191

2.15509
3.077075
4.628239
4,723294
4,468293
6.196777
2.690751
4,893676
4,577383
5.478658
6.877498
3.222191
3.915574
3.507792
4.814887
3.780229
4,634384
3.476459
3.908061
5.103082
4,691822
3.221676

4,73002
3.598627
2.938693



65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

7.014056

4,35817
4.917743
7.567379
5.873391
5.080742
5.157925
4.596513
4.761105
7.519339
4.827343
6.540393
5.691393
4.102095
7.098634
3.501133

1.910127
2.482313
3.142688
1.404422
1.984842
2.744534
4,271883
4,820416
1.825518
0.105968
3.679796
0.503305
2.889556
4,596437
3.097021
-1.31154

0.926924
1.365295
0.828115
3.071378
1.710164
1.362029
1.588221
1.492128
0.444421
1.542471

0.71545
0.982409
2.935542
1.267559
1.921035
3.027548

Table A.1: Simulated Data in 3.2
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65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

1.806254
0.928619
0.687341

-0.9867
2.705039
0.965713
0.247106
2.180145
2.742207
0.081545
0.957096
0.737015
3.051574
-0.51631
0.465257
0.976536

1.579819
4,833514
5.056463
5.998296
3.178768
5.434189

0.51914
1.792845
1.629715

7.00847
4,283218
5.147027
2.071605
1.975999
4,895089
3.739072

4.013348
4,223393
3.408099
4.083258
3.150975
3.973337

4,87125
2.623023

4,93155
4,932701
4,105458
3.509686
4.624902
3.752248
4.636047
4.636935
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