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ABSTRACT

Algorithms for Certain Computational Mathematics Problems
By
Shen Chan Huang
Dr. Peter J.-S. Shiue, Examination Committee Chair
Professor
University of Nevada, Las Vegas

This dissertation presents algorithms and explores diverse aspects of number theory, crypto-
graphic systems, and partition theory. In Chapter Two, attention is focused on enhancing the
security of the extended Rabin cryptosystem by incorporating multiple prime numbers into the en-
cryption process, thereby increasing the complexity of decryption and fortifying resilience against
quantum computing threats. Additionally, experimental results corroborate the efficacy of proposed
algorithms, aligning closely with existing decryption methods while offering enhanced versatility.

Chapter Three presents a detailed exploration of sums of powers of arithmetic progressions,
offering simplified formulas and algorithms for efficient computation, leveraging Stirling and Eu-
lerian numbers. A comparison with existing methods underscores the computational efficiency of
the proposed approaches.

In Chapter Four, properties and algorithms related to Ramanujan-type cubic equations are
elucidated, showcasing a comprehensive computational methodology and its application through
examples and cubic Shevelev sums.

Chapter Five extends the understanding of Leonardo sequences and second-order non-homogeneous
recursive sequences, unveiling novel identities and combinatorial results. These findings are applied
to investigate series representations, enriching the discourse on number theory.

Lastly, Chapter Six investigates the representation of positive odd integers as the sum of arith-
metic progressions, building upon historical and contemporary works to provide theorems and

efficient algorithms for computing such representations. This dissertation contributes to diverse
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areas within mathematics, cryptography, and computational methods, promising new avenues for

exploration and application.
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CHAPTER 1

INTRODUCTION

A computer would deserve to be called intelligent if it could deceive a human into be-
lieving that it was human.

-Alan Turing

This dissertation presents algorithms and explores diverse aspects of combinatorial number the-
ory, cryptographic systems, and partition theory. It begins by introducing several theorems and
algorithms concerning the Chinese Remainder Theorem and the extended Rabin cryptosystem.
In subsequent chapters, the dissertation delves into sums of powers of arithmetic progressions,
Ramanujan-type cubic equations, Leonardo sequences, and the representation of positive integers
as the sum of arithmetic progressions, offering novel insights, methodologies, and practical appli-
cations. These comprehensive explorations contribute to various fields within mathematics and
cryptography, promising new avenues for research and application.

In Chapter Two, we introduced several theorems and algorithms concerning the Chinese Re-
mainder Theorem and the extended Rabin cryptosystem. This cryptosystem allows for a key
comprised of any finite number of unique primes. Additionally, we suggested approaches to relax
the constraint on these primes, albeit with compromises in time complexity. These proposed al-
gorithms notably bolster security by incorporating more prime numbers into the public key, thus
heightening the difficulty of decryption. We also explored leveraging these algorithms to fortify se-
curity against quantum computing threats. Furthermore, we conducted extensive experimentation
across six sizable datasets. The results of these experiments demonstrate that our proposed algo-
rithms closely align with the existing decryption algorithm in the Rabin cryptosystem, specifically
when the key consists of two distinct primes, all while maintaining enhanced versatility. See Zhan
et al. [99] for the publication.

In Chapter Three, we examine the sums of powers of arithmetic progressions, denoted as a? +



(a+d)P+(a+2d)P +-- -+ (a+ (n—1)d)?, where n > 1, p is a non-negative integer, and a and d are
complex numbers with d # 0. We provide a straightforward proof of a theorem initially presented
by Laissaoui and Rahmani [47] as well as an algorithm derived from their formula. Furthermore,
we introduce a simplified version of Laissaoui and Rahmani’s formula, tailored for computational
efficiency, along with a second algorithm based on this simplification. Both formulations utilize
Stirling numbers of the second kind. Alternatively, the sums can be computed using Eulerian
numbers, for which we propose a new method employing classical Eulerian numbers. The existing
formula utilizing general Eulerian numbers tends to be more algorithmically intricate due to the
increased number of computations required. To address this, we introduce two innovative algorithms
that incorporate both types of Eulerian numbers. Finally, we compare our findings to the results
obtained by Xiong et al. [97], who utilized general Eulerian numbers in their approach. Finally, we
n
give a table for Faulhaber’s formula in the form of Z kP, where p € N. See Shiue et al. [80] and
Shiue et al. [79] for the publications. =

In Chapter Four, we explore the characteristics of a theorem attributed to Ramanujan in order
to establish properties and algorithms pertaining to cubic equations. Subsequently, we devise a
comprehensive computational method for constructing Ramanujan-type equations from arbitrary
general cubic equations, along with a cosine Ramanujan-type identity. This procedure was for-
mulated based on a thorough examination of the properties inherent in Ramanujan-type cubic
equations. To illustrate the application of these concepts, we include examples along with cubic
Shevelev sums. See Shiue et al. [82] and Shiue et al. [83] for the publications. It was also presented
at JMM Boston 2023 Huang et al. [35].

In the fifth chapter, we build upon the recent discoveries made by several researchers regarding
the characteristics of elements in the Leonardo sequence, placing them in the context of second-order
recursive sequences. We achieve this expansion by exploring the properties of difference equations
in the homogeneous Fibonacci sequence and the non-homogeneous characteristics of the Leonardo
sequences. Through this exploration, we uncover a range of new identities associated with a gener-
alized Leonardo sequence and its algorithm. Moreover, this investigation reveals a series of combi-
natorial findings that highlight the sophisticated properties of hyper-Fibonacci numbers compared

to traditional Fibonacci numbers, including their interaction with Leonardo numbers. Further-



more, we delve into various second and third order recursive sequences, meticulously formulating
properties related to the roots of their characteristic equations. While some of these properties are

well-established, many are newly discovered. These findings are then applied to novel investigations

mn

Tontl’ m=1,2,3,

o0
of series representations, including their convergence criteria, expressed as Z
and are extended to numerous standard sequences, treated as specific ingt:ances of a generic se-
quence {a,}. The detailed exposition of the algebra underlying these theorems, along with their
associated lemmas and corollaries, promises to unveil new avenues of exploration for interested
number theorists. The concluding results regarding series values and approximations further enrich
the discussion. See Shannon et al. [75] for the publication. It was also presented at JMM San
Francisco 2024 Huang et al. [36]. The Series part has been submitted for publication.

In the sixth and final chapter, we investigate the mathematical interest in representing certain
positive integers as the sum of arithmetic progressions. Since 1844, interest has persisted in repre-
senting numbers as the sum of consecutive integers, initially explored by Wheatstone [94], Sylvester
and Franklin [85] established Sylvester’s Theorem in 1882, prompting numerous extensions, includ-
ing sums of various arithmetic progressions and powers. Recent works by Ho et al. [29] and Ho
et al. [30] extended Sylvester’s Theorem to compute the ways a positive integer can be represented
as the sum of all possible arithmetic progressions. We present theorems and efficient algorithms

to compute the number of ways certain positive integers can be written as the sum of arithmetic

progressions, as well as to list such ways.



CHAPTER 2

TOWARDS A NOVEL GENERALIZED CHINESE REMAINDER ALGORITHM FOR
EXTENDED RABIN CRYPTOSYSTEM
2.1 Background

The Chinese Remainder Theorem was first proposed by Sunzi in the third century, although the
complete theorem was given in year 1247 by Dingyi et al. [21]. The theorem has been widely applied
in many fields including cryptography, signal processing, vehicular technology, communications, etc.
(Chen and Lin [15], Li et al. [49], Wang et al. [88], Wang et al. [92], Wang and Xia [91]).

In this chapter, we introduce several theorems and algorithms aimed at addressing the extended
Rabin cryptosystem and the quadratic residue problem. Formally, the quadratic residue problem
secks to find z satisfying z° = a (mod n), where a,n € N. Solving this problem entails significant
mathematical complexities, particularly when n consists of two large prime numbers, posing a
critical challenge in public key cryptography. The computation of square roots of quadratic residues
holds relevance in Elliptic Curve cryptography (Mollin [59]) and the Rabin cryptosystem (Rabin
[67]). In the Rabin cryptosystem, plaintext encryption involves modular exponentiation, while
decryption necessitates extracting the square root of a quadratic residue across two distinct prime
modular spaces and subsequently merging the results.

The original Rabin cryptosystem, as described by Rabin, restricts its public key n to be the
product of only two distinct large primes, p and ¢ (Rabin [67]). However, this approach lacks the-
oretical flexibility. Our paper introduces algorithms that extend the Rabin cryptosystem, allowing
for a broader range of public keys n composed of any finite number of distinct odd primes raised

. ¢
to various natural number powers, denoted as n = p'il p? R A

This enhancement significantly
broadens the system’s applicability. Additionally, the original Rabin cryptosystem fails to achieve
ciphertext indistinguishability. This means that if an adversary possesses the public key n and

intercepts the ciphertext ¢, they can deduce whether ¢ encodes a specific message m by performing



encryption on a candidate message. The proposed extended Rabin cryptosystem overcomes this
limitation, enhancing security and privacy.

In this chapter, we address the quadratic residue problem modulo n, where n = pﬁl p? e pZ’“,
utilizing the algorithms presented. Additionally, we develop a generalized algorithm capable of com-
puting the 2% solutions derived from our method. Theoretical and experimental analyses demon-
strate that our proposed algorithms closely match the performance of existing algorithms for cases
involving two primes, while simultaneously expanding the generality of the cryptosystem.

The remainder of this chapter is organized as follows: Section 2.2 reviews previous research
on the Chinese Remainder Theorem and existing methods for solving the square root of quadratic
residues modulo a prime p. Section 2.3 outlines the existing methods and algorithms essential for
developing the proposed theorems and algorithms. In Section 2.4, we introduce several theorems
applicable to solving systems of linear congruences modulo n, along with corresponding algorithms.
Section 2.5 covers the protocol for achieving ciphertext indistinguishability. The subsequent Section
2.6 conducts a thorough experimental analysis, comparing the proposed algorithms with existing
ones. These new theorems and algorithms extend the classical Rabin cryptosystem by accommo-
dating a public key composed of an arbitrary finite number of distinct primes. Finally, Section 2.7

concludes the paper and outlines potential future extensions of this work.

2.2 Related Work

In this section, we introduce several pre-existing algorithms designed to address the quadratic
residue problem modulo a prime p. We also provide an overview of the Chinese Remainder Theorem
and its correspondence to a single linear congruence. This understanding forms the basis for
constructing our proposed method to solve for quadratic residues modulo any natural number n.

Over the past 150 years, various algorithms have emerged to tackle the quadratic residue prob-
lem modulo a single prime p. Among the pioneers, Tonelli [87] proposed an early efficient algorithm
in 1891, subsequently enhanced by Shanks [70] in 1973. Lindhurst [53] demonstrated that Tonelli’s
algorithm in T, typically requires O((logp)®) bit operations on average when p and a are chosen
randomly. Cipolla [18] introduced the current most efficient algorithm, leveraging Field-Theoretic

methods. These algorithms prove valuable in scenarios where no specific condition on p is speci-



fied beyond its primality. For instances where z° = a (mod p), these methods offer solutions, as
detailed in Section 2.4. Alternatively, if additional conditions are imposed on p, faster algorithms
exist. For instance, when p = 3 (mod 4), Fermat’s Little Theorem can be applied to solve the
quadratic residue problem, with a time complexity of O(logb), making it particularly popular for
cryptographic applications (Katz et al. [41]).

The quadratic residue problem finds application in certain types of elliptic curve cryptogra-
phy, where diverse protocols exist for implementing encryption, decryption, and signing operations
(Lopez and Dahab [56]). Typically, these procedures involve evaluating points on an elliptic curve
represented by the equation y? = 23 +az +b (mod p), where p > 2 and integers a and b are chosen,
constituting the Elliptic Curve Discrete Logarithm Problem (ECDLP) (Lopez and Dahab [56]). In
elliptic curve cryptography, points on the curve are often stored using point compression techniques
(Barreto and Voloch [6]). This involves representing a point (x,y) as (z, 3), where (3 represents a
single bit of y. To decompress a point, that is, to recover the value of y from (x, 3), it is necessary
to compute the square root of a quadratic residue.

The Rabin cryptosystem represents one of the most direct cryptographic applications of the
quadratic residue problem. Introduced by Rabin [67] in January 1979, this protocol stands as
the inaugural asymmetric cryptosystem to demonstrate that recovering the entire plaintext from
the ciphertext is as challenging as factoring integers Rabin [67]. In the original method, Rabin
formulated 2% = ¢ (mod n), where ¢ denotes the ciphertext and n = pq with p and ¢ being distinct
large primes. One prominent issue with the Rabin cryptosystem is the limited number of solutions
to the quadratic residue problem, typically capped at four. To address this challenge, various
approaches have been devised, such as incorporating redundancy in the message, transmitting
extra bits, or imposing constraints on the message size and factors for n Katz et al. [41].

Takagi [86], Asbullah and Ariffin [3], and Mahad et al. [57] explore strategies for limiting the
message size and factors for n. Takagi initially proposed a scheme employing n = p?q, where
p and ¢ are distinct large primes, with no restrictions on the message size M. Asbullah and
Ariffin introduced a scheme utilizing n = p?q, where p and ¢ are distinct large primes satisfying
p,q = 3 (mod 4), and they restrict the message size M to be within the range (0,22"~2). Both

schemes require the utilization of Algorithms 1, 2, or 3 if p,q do not satisfy p,¢ = 3 (mod 4) or



p,q = 5 (mod 8). However, if p,q = 3 (mod 4), applying Fermat’s Little Theorem readily solves
each congruence.

In addition to its application in cryptography, the Chinese Remainder Theorem finds utility
in various fields such as communication, vehicular technology, signal processing, and optical secu-
rity. In the realm of communication, Chen and Lin [15] proposed an energy-efficient Media Access
Control (MAC) address scheme for wireless sensor networks utilizing the Chinese Remainder The-
orem. In vehicular technology, Wang et al. [88] employed the Chinese Remainder Theorem ranging
method based on dual-frequency measurements , while Li et al. [49] utilized a similar method for
phase-detection-based range estimation. In signal processing, Wang and Xia [91] employed the
Chinese Remainder Theorem for performance analysis, and Wang et al. [92] discussed the largest
dynamic range of a generalized Chinese Remainder Theorem for two integers. Regarding optical
security, suggestions have been made for hybrid digital and optical systems to enhance fast and
secure cryptography (Javidi et al. [39]). Yatish and Nishchal [98] proposed a triplet of functions
for optical cryptosystems, describing a single function on a plaintext input matrix for encryption
and two functions for decrypting the ciphertext.

The novel algorithms introduced in Section 2.4 find application in the Rabin cryptosystem,
leveraging its direct connection to the quadratic residue problem. These algorithms, detailed in
Section 2.4, can employ various methods to compute the square root modulo a prime p. We
demonstrate how to generate solutions for the square root of a quadratic residue modulo n =
pll‘“'lp/;2 o ~p7]fr, which yields at most 2" unique solutions. Traditionally, the Chinese Remainder
Theorem is utilized to produce solutions (x modulo n). Subsequently, Section 2.2 outlines existing
algorithms for solving the quadratic residue problem modulo a prime p and provides insights into
the Chinese Remainder Theorem. Our experimental results involve scenarios with r less than 9
primes, as computational time escalates rapidly when r exceeds 8 with the current implementation.
As part of future work, we are exploring a dynamic programming solution for scenarios where r
surpasses 8. The algorithms proposed in Section 2.4 stem from extensions of these existing results

and algorithms.



2.3 Preliminaries

Tonelli [87] introduced the initial algorithm in 1893, depicted in Algorithm 1. This algorithm
represents one of the probabilistic methods for computing the quadratic residue modulo p. There
exists a probability of at least 1/2 for a randomly chosen element of [F,, to be a non-square integer.
It accepts input @ from the congruence z2 = a (mod p) and calculates b such that b? = a. The time

complexity of Tonelli’s algorithm is O((logp)?). Cipolla [18] introduced an alternative algorithm

Algorithm 1 Tonelli’s Algorithm

Input: a € F,, p odd
Output: b= +/a on I}
Choose g € F,, at random
if g is a square then
return -1
end if
Let p — 1 =2%, ¢ odd.
e+ 0.
for i < 2 to s do
if (ag~¢)P~1/2" £ 1 then
e 271 1e
end if
end for
h <+ ag™
b gt/2pHD)/2

return b

e

in 1903, outlined in Algorithm 2. This algorithm stands as the most efficient known method for
computing the square root of a quadratic residue modulo a prime p, without imposing restrictions
on the choice of p. Cipolla’s approach involves constructing a quadratic extension of I, and utilizing
an element ¢ whose norm N (t) equals a (Bach and Shallit [4]). The time complexity of Cipolla’s
algorithm is O((log p)?).

The square root modulo n may be determined by using the definition of modulo, b* = a +
kn,dk,neN, 1<k < L%J, as shown in Algorithm 3.

Given the significance of computational speed in cryptographic applications and general com-
puting, it may be prudent to impose constraints on the selection of a prime p, favoring primes
where faster algorithms for computing the square root exist. The most widely utilized algorithm

in this regard is the one based on Fermat’s Little Theorem (Katz et al. [41]). Algorithm 4 provides



Algorithm 2 Cipolla’s Algorithm
Input: a € F,
Output: b= +/a on Fj

Choose t € [F;, at random

if t> — 4a is a square then

return -1

end if

f—X?—tX +a

b+ XPD/2 (mod f)

return b

Algorithm 3 Algorithm by Exhaustion

Input: a € F),
Output: b= /a on F,
s+ a
while s is not a square do
s s+a
end while
b+ /s

return b

the details of this algorithm.

Algorithm 4 Algorithm based on Fermat’s Little Theorem
Input: a € F, and p =3 (mod 4)

Output: b= /a on F,
b o't (mod p)

return b

The first theorem presents the classical method for the Chinese Remainder Theorem (See Ku-

manduri and Romero [46]).



Theorem 2.3.1. (Classical Chinese Remainder Theorem) Let my, ma, ..., m, be pairwise relatively

prime integers. Then the stmultaneous congruence

x =a; (mod mq)

= az (mod mg)

8
I

(1.1)

x = a, (mod m,)
has a unique solution modulo the product mi X mg X - -+ X my..

The next theorem is proposed by Nagasaka et al. [62]. It is an improvement to the Chinese

Remainder Theorem. This theorem will be the basis for our proposed theorems.

Theorem 2.3.2. (Improved Algorithm) Under the same assumptions as in the Chinese Remainder,

the system of congruences (1.1) is equivalent to the following single linear congruence.

(i: szz> Tr = ET: aibiMi (mod M)

i=1 =1

where b;’s are arbitrary integers coprime to m;’s, respectively, and M; = M/m; fori=1,2,...,r

with

i=1

2.4 Proposed Theories and Algorithms

Prior to introducing the proposed algorithms, two original theorems along with their proofs re-
garding the Chinese Remainder Theorem are established. Subsequently, these results are expanded
to address the quadratic residue problem. Lastly, five versatile algorithms are introduced, lever-
aging the proposed theorems, which can be employed for decryption within the extended Rabin
cryptosystem. Additionally, these algorithms can be adapted to address point decompression in an

elliptic curve cryptosystem.

10



Lemma 2.4.1. Let a system of linear congruences be given:

x =a; (mod mq)
x = ag (mod my)
x =a, (mod m,)

n
where ged(mi,mj) = 1, for 1 < 4,5 < r,i # j. Suppose ZbiMi = 1, where ged(b;,m;) = 1 and

=1
mip Xmag X -+ XM

. Then the system has a unique solution:
m;

Tr = Zalble (mod M),
i=1

where M = mq1 X mg X -+ X M.

Proof. From Theorem 2.3.1, the system has a unique solution. From Theorem 2.3.2, the system is

equivalent to

(Zr: ble> T = Zr:azszl (HlOd M)

i=1 i=1
T
Since Z b;M; = 1, the result follows. O
i=1
This result is further expanded to address the quadratic residue problem. Theorem 2.4.1 resolves
the general form of the quadratic residue problem by employing the linear congruence derived from
Lemma 2.4.1 for any n, where 1 <i <7 k; € N, and n = p]flpgz’ . ‘pffT. Corollaries offering special

cases of Lemma 2.4.1, which hold significant value in cryptography, are also provided.

Theorem 2.4.1. Let 2> = a® (mod n), where n = pll““pé€2 .- ‘p,lfT, D1, ..., Pr aTE distinct primes, and
T
k1, ko, ...,k € N. Ibei% =1, and (b1,p1) = (ba,p2) = -+ = (by,pr) = 1, then there are 2"

_ _ i=1 Pi
solutions, which are:

rT=a ibl%ibg%i---ibr% (mod n)
2 5 pr

11



or equivalently,

T =T gy gy = | (1) bl% + (1) 62% 4o (=1 <bTTkL> (mod n),
D1 Do or”

where j; = 0,1, 1 <1 <r.

Proof. First, the square root on both sides is taken to obtain x = +a (mod n). Then there exists

the following system of congruences:

¢ = +a (mod pit)

x = +a (mod péa)

z = +a (mod pkr)

T

Since bz-i_ =1, Lemma 2.4.1 is applied directly. Therefore, the solutions are:
pkZ
i=1 Di

rT=a ibl%ibg%i---ibr% (mod n)
p11 p22 pT‘T

or equivalently,

T=2j e gy =0 | (1) bl% + (—1)72 62% o (1) <b,«z> (mod n),
D1 Do pr’

where j;, =0,1, 1 <[ <. O

Following from Theorem 2.4.1 are two corollaries. Corollary 2.4.2 gives a formula for the solu-

tions of a quadratic residue problem where n = p’fl péa, for which there are four solutions.

Corollary 2.4.2. Let 2> = o? (mod n), wheren = plflp];?, p1,p2 are distinct primes, and ki, kg € N.

Ifbl%1 + bg% =1, where (b1,p1) = (b2,p2) =1, then
P Pa

n n
r=a|+tb— £ bs— | (mod n)
( o' p'z”)

12



Similarly, there exists a formula (n = p]fl p§2p§3) for the solutions of quadratic residue problem

for which there are eight solutions given by Corollary 2.4.3.

Corollary 2.4.3. Let 2> = a® (mod n), where n = p1 p2 p3 , p1,D2,p3 are distinct primes, and
ki, ko, k3 € N.

-[fbl k1 + b2 ko + b3 ks ]- where (blapl) = (b27p2) = (b37p3) = 1} then
Dy 2 ps®

x_a<ib1 T :|:b2 T 03 k) (mod n)
p1 p2 p3

In situations where the quadratic residue is not a perfect square, various methods can be
employed to solve 22 = a (mod n) (1), provided that the congruence (1) is solvable. While Lemma
2.4.1 necessitates a perfect square on the right-hand side, this limitation can be circumvented. By
utilizing the prime factorization of n = p1 p2 e pf’“, Algorithms 1 and 2 can be utilized to find
square roots in Fp;, 1 < ¢ < r, as elaborated in Section 2.3. Subsequently, each solution can be
raised to pri using Hensel’s lemma (Rosen [69]). Alternatively, Algorithm 3 can be employed
to directly identify the perfect square, or subject to specific constraints discussed in Section 2.3,
Algorithm 4 can offer high-performance solutions. Subsequently, Theorem 2.4.4 will yield all 2"

solutions to (1).

Theorem 2.4.4. Let 2° = a (mod n), where n = p’flpé62 . -pifT, D1, ..., Pr are distinct primes, and

ki, ko, ..., k; € N
Ifzr: bl% =1, where (by,p1) = (ba,p2) = -+ = (by,pr) = 1, then there are 2" solutions, which
are: o
T = :i:albl T + agbg T +...+ arbr% (mod n)
pr P2 br
2 _

where ai = a (mod pfi), or equivalently:

T =Ty o, = (—1)7 albl% + (—1)%2 ang% 4 (1) (arb,,?’:r> (mod n),
51 %) p

where j; =0,1, 1 <[ <r.
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Proof. First reduce the congruence to the following:

z* =a (mod p]fl)

2? = a (mod pi?)

z* =a (mod p;")

After reducing modulo pf" in each congruence, the system becomes:

,

z? = ¢; (mod plfl)
2? = ¢y (mod ph?)
2 =c, (mod pFr)

Note that reducing modulo pf" is not necessary. To obtain a square on the right hand side, any

of the methods presented in Section 2.3 can be utilized. Let a? = ¢; (mod pfi), then the system
becomes:

z? = a? (mod plfl)

2? = a3 (mod p5?)

? = a} (mod py7)

\

Taking the square root of both sides, the following system is obtained:

¢ = =+a; (mod pit)

x = ta (mod pé”)

& = +a, (mod pFr)

Combining Lemma 2.4.1 and Theorem 2.4.1, the solutions are:

T = :talbl% + agbg% +... % arbr% (mod n)
Py’ Py’ pr

14



or equivalently,

T = T4y gy gy = (1) albl% + (—1)% azbz% 4 (1) <aTbTZ> (mod n),
D1 Do Dr”

T
where j;, =0,1, 1 <[ <. O

The subsequent algorithm, presented as a result of Theorem 2.4.1, is designed to compute the
square root of a quadratic residue modulo n = plfl p;” e pffr. The first algorithm addresses the
scenario where 22 = o? (mod n), where n = p]fl pSQ e pf’“. Given the perfect square corresponding
to the quadratic residue a? (mod n), determinable via Algorithm 4 in Section 2.3, the subsequent
algorithm enumerates the 2" solutions by simplifying the problem to an extended Greatest Common
Divisor (GCD) calculation. The extended GCD of two numbers a and b with ged(a,b) = g yields
a solution m,n € Z to the linear Diophantine equation ma + nb = g. Similarly, the extended GCD
of r integers, w1, ws, ..., w,, provides a solution by, bs, ..., b, € Z satisfying the linear Diophantine
equation bjwy + bows + - - - + brw, = g. An algorithm to compute the extended GCD of r integers
is also presented in Algorithm 8 of Section 2.4.

If only the coefficients are required, the algorithm operates in O(rQ(b) + G(b)) time, where
Q(b) denotes the time complexity for computing the square root of a quadratic residue of b bits,
as provided by Algorithms 1 — 4 in Section 2.3. Utilizing Algorithm 4 leads to Q(b) = O(log(b)).
Here, G(b) represents the time required for computing the Extended GCD of r numbers, with the
given algorithm functioning in O(rM (b)log(b)). Hence, the time complexity for generating the
terms for solutions is O(rM (b)log(b)). However, the time complexity for enumerating all solutions
is O(2"). To determine the accurate plaintext, padding bits can be employed and verified during

enumeration.
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Algorithm 5 Decryption Given a? (mod n)

Input: a? (mod n) and n = ;lelplg€2 x 'pf"

Output: xar = 1,22, - , 22 solutions to square root
a+— +Va2
n o n n
b1,b2,--- , b, + ExtendedGCD T T T
Py Do j2

for j «+ 1 tor do
if ged(bj,p;) # 1 then
return -1
end if
end for

return xaor

The output xor are the 2" solutions to the equation z® = a? (mod n) given by the vector

Tor = (3’30 TR $2r>' Algorithm 9 is presented to compute all of the 2" solutions using
recursion, which can be easily implemented.
Algorithm 5 may be extended to account for inputs representing the perfect square associated

with each quadratic residue a2 (mod pi'), a3 (mod p&2), ..., a?

(mod p;"). These values can be
computed utilizing various methods such as Tonelli’s algorithm, Cipolla’s algorithm, or exhaustive
enumeration without imposing additional conditions on the primes. Alternatively, Fermat’s Little
Theorem can be employed if the condition p; = 3 (mod 4) is satisfied for calculating the perfect
squares in modulo p1,po, ..., p,r spaces. Subsequently, Hensel’s lemma can be employed to elevate
these solutions to the modulo spaces pll’“, pgz, ceey p,’f’“.

The output @or are the 2" solutions to the equation z? = a?

(mod n).

Algorithm 7 provides a comprehensive procedure to discover all 2" solutions, accommodating any
quadratic residue a and r primes elevated to arbitrary powers plfl, pgz, ceey pf’“. Various approaches
for implementing the PerfectSquare and GenSqrRt functions are available. However, for optimal
efficiency, enforcing p = 3 (mod 4) and employing Algorithm 4 in Section 2.3 for PerfectSquare

implementation, along with Algorithm 6 in Section 2.4 for GenSqrRt implementation, results in

Algorithm 7 and 9 collectively achieving a time complexity of O(rM (b)log(b) 4+ 2") when executed
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Algorithm 6 Generalized Decryption Algorithm

Input: a? (mod p’), a3 (mod pk?), ..., a2 (mod pf") perfect squares of quadratic residues and
— k1, k2 kr
n fr— pl p2 .. .pr
Output: xor = x1, 29, -+, Tor solutions to square root
for i < 1tor do
a; +— £ a?
end for
n o n n
bl,b2, ,bTFEXtendedGCD TI,TQ,"‘ ) Tk
Py Py pr"

for j < 1tor do
if ged(bj,p;) # 1 then
return -1
end if
end for
return xor

together, where r denotes the number of primes. In instances where r = 2, this algorithm exhibits
a time complexity of O(M (b)log(b)), which is asymptotically comparable to the existing algorithm

for the Rabin cryptosystem.

Algorithm 7 General Rabin Decryption Algorithm

Input: a € Z, and n = plf1p§2 . .pf"
Output: xor = 21,29, -+, Tor solutions to square root
for i <~ 1tor do
a? < PerfectSquare(a, pfl)

end for

2 2 2 ki k kr
xor < GenSqrRt(at, a3, ..., ay, pi', ps°, .., D7)
return xaor

Utilizing the extended GCD function for two integers available in the GMP Library, which ex-
hibits a time complexity of O(M (b)log(b)) (Granlund et al. [26]), where b denotes the number of bits
in the numbers being multiplied and M (b) signifies the time required to multiply two b-bit numbers.
The ExtendedGCD procedure (Algorithm 8) for r terms involves performing r — 1 extended GCD
calculations of two numbers, mpz_gcdext(a, b), as outlined in Algorithm 8. Consequently, the time

complexity for Algorithm 8 amounts to O(rM (b)log(b)).
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Algorithm 8 ExtendedGCD (w1, wa, ..., w,)

Input: b[] coefficients of extended GCD, w[] , n size of array, ged ¢
Output: by, bs,--- ,b; coefficients satisfying bywy + bows + - -+ + byw, = 1
if n < 2 then
b[0] 1
return
end if
if n (mod 2) =1 then
s« (n+1)/2
else
s n/2
end if
k<0
for i+ 0ton—2by2do
mpz_gedext(newwlk], bli], bli + 1], w(i], w[i + 1])
k< k+1
end for
if n (mod 2) =1 then
newwlk] < wn — 1]
bn —1] + 1
end if
if n =2 then
g < newwlk — 1]
end if
ExtendedGCD(g, newb, neww, s)
for i <~ 0tos—1do
b[2i] < b[2i]newbi]
b[2i + 1] « b[2i + 1]newbd]i]
end for
if n (mod 2) =1 then
bln — 1] < newb[s — 1]
else
b[2(s — 1)] < b[2(s — 1)|newb[s — 1]
b[2(s — 1) 4+ 1] < b[2(s — 1) + 1jnewbd[s — 1]
end if

To address ExtendedGCD(wy,ws,...,w,), Algorithm 8 resolves the extended gecd of disjoint
pairs from the set wq,wo,...,w,. Subsequently, the GCD g;; of each pair, w;, wj, serves as the
values for the subsequent recursive call of ExtendedGCD. Initially, in the first call of ExtendedGCD,
g extended GCDs of two numbers are computed, followed by 2 in the subsequent call, and so forth.

This process continues until only one value remains, which represents the GCD of wy, wo, ..., w,,
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Algorithm 9 GenerateSolutions

Input: terms of the solutions al], size of array r
Output: z[] array of 2" solutions
if r =1 then
z[0] < a[0]
z[1] + a[l]
return x
end if
ry — 1< (r—1)
y < GenerateSolutions(a,r — 1)
for i <~ 0 to r, do
xlt] + yli] + af[ry—1]
end for
for i <—r, to 2 xr, do
xli]  —x[i —ry]
end for
return x

r
serving as the termination condition for the function. Consequently, at level i, there are 5 calls to

mpz_gedext.
loga(r) , loga(r) 1
In summary, this results in a geometric series: Z =T Z = Since each call incurs
i=1 i=1

a time complexity of O(M (b)log(b)), Algorithm 8 exhibits a time complexity of O(rM (b)log(b)).
Algorithm 9 provides a method for enumerating all 2" solutions. It can be employed to determine

xor in Algorithms 5 and 6 with a time complexity of O(2"). Employing recursion, this algorithm

constructs solutions by generating potential combinations where each coefficient can be either 1 or

—1 for the sum of r terms, based on combinations for the sum of » — 1 terms.

2.5 Security Analysis

In this section, we delve into the security implications of the proposed algorithm. While the Ra-
bin cryptosystem traditionally relies on the complexity of integer factorization, it typically employs
only two distinct large primes. However, the proposed algorithm offers the flexibility to utilize any
fixed number of primes, with the ability to alter this number between sessions, thereby enhancing
unpredictability.

One limitation of the classical Rabin cryptosystem lies in its lack of ciphertext indistinguisha-
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bility. This deficiency stems from the deterministic nature of the encryption process. Specifically,
given a public key n, encrypting a message m entails computing m? = ¢ (mod n). Consequently,
if an eavesdropper gains knowledge of n and intercepts an encrypted message c, they can deduce
whether ¢ encodes a potential plaintext message 1 by performing m? = ¢; (mod n). Should ¢;
match ¢, it indicates m = m, thus revealing the plaintext.

Formally, in the context of a message space m € a,b and a ciphertext ¢ such that E(m) = ¢, ci-
phertext indistinguishability entails that an adversary cannot ascertain which m € a, b corresponds
to ¢ with a probability exceeding % However, in the classical Rabin system, an adversary can
deduce which plaintext m corresponds to ciphertext ¢ by encrypting both potential candidates and
selecting the correct plaintext based on the comparison with the captured ciphertext.

In the extended Rabin cryptosystem, achieving ciphertext indistinguishability is feasible through
a specific approach. To accomplish this, a random number S is incorporated into the public key,
and a predetermined number z of the least significant bits of S* are utilized as padding for the
message. This setup establishes a message space where the adversary, despite knowing m € a, b, is
confronted with a message actually belonging to m € aS*,b5%. Since the adversary lacks knowledge
of S, they are unable to discern a candidate message solely from a, b.

Extending the public key entails utilizing two large primes, p and ¢, alongside a random number
S such that n = pgS. Generating S involves each participant in the encryption agreeing on a
shared secret seed, sg, and a pseudo-random number generator f. Subsequently, each message is
transmitted using a new key derived from p, ¢, and sg. The initial message can be encrypted with
S = s, = f(so) and n; = pgsy, while the i message can be encrypted with s; = f(s;_;) and
n; = pqs;. This setup obviates the necessity to share keys nq,no, ... for subsequent encryptions.

Consequently, an external eavesdropper intercepting the i'" ciphertext, ¢;, remains unaware of
n; = pqs;. Since s; is undisclosed, the z least significant bits s} also remain unknown. Consequently,
the eavesdropper cannot determine the appropriate padding to append to the candidate messages.
However, both intended parties possess knowledge of the initial seed sg and the function f, allowing
them to ascertain n; for each message, given that the sequence s1, so, ... is deterministic based on
80-

Notably, recognizing that any given random number s; possesses a prime factorization, s; =
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sl st ks'r 51 kSQ

Ps,1 Ps,3 " Ps;r » it follows that n; = pgsi = pap,i p.5 -"pl;ff. Consequently, the algorithms
proposed in Section 2.4 can be employed to decrypt a ciphertext ¢; using the key n;.

With a public key n = pg and a shared secret (sg, f), alongside a message space m € a, b, Alice
transmits an encrypted message ¢; to Bob through the following steps. Initially, Alice calculates
s; = f(si—1) and constructs the key n; = pgs;. She then encrypts the plaintext m; by incorporating
appended padding bits s, employing the equation mf = ¢; (mod n;).

Bob independently computes s; and n; using the same mechanism as Alice, thus eliminating
the need for Alice to transmit n; over the public channel. Consequently, an adversary in possession
of n who intercepts a ciphertext corresponding to the it encryption, denoted as ¢;, cannot discern
m; by encrypting candidate messages m with 7 = ¢ (mod n) and subsequently comparing ¢ to ¢;.
This challenge arises because ¢; wasn’t encrypted utilizing the public key n, and the message m;
was augmented with padding bits selected from s;.

Since the selection of s; is random, the adversary faces impracticality in guessing the key n;,
even if n is known. Similarly, it proves daunting for the adversary to deduce the padding utilized,
s7, for the message m;, given that, as long as z exceeds one, there exist more than two potential

choices for s;.

2.6 Experimental Analysis

This section presents the experimental evaluation conducted on the algorithms outlined in
Section 2.4. These algorithms are applied within the context of the Rabin cryptosystem due to its
direct relevance to the quadratic residue problem. For the experiments discussed herein, Algorithm
7 is utilized, where the PerfectSquare function is implemented employing Fermat’s Little Theorem
(Algorithm 4 in Section 2.3), and the GenSqrRt function is implemented utilizing Algorithm 6 from
Section 2.4.

The experimental evaluation encompasses three distinct experiments. Firstly, in the initial
experiment, n = pqg remains fixed to enable a direct comparison between the proposed algorithm
and the existing decryption algorithm employed within the Rabin cryptosystem. The existing
algorithm is derived from the classical Chinese Remainder Theorem (Theorem 2.3.1).

Secondly, the subsequent experiment involves utilizing two primes while varying the number of
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bits in each prime. This variation is employed to assess the runtime of our algorithm in comparison
with the existing decryption algorithm utilized within the Rabin cryptosystem.

Lastly, the third experiment examines the runtime of Algorithm 6 from Section 2.4 as a function
of the number of primes in the prime factorization of n. This experiment aims to provide insights

into the algorithm’s scalability concerning the number of primes utilized.

2.6.1 Specifications

All the algorithms employed in our experiments are coded in C++11 utilizing the g++ compiler
version 7.3.0. Compiler optimizations are applied using the -O3 flag for all tests. Given the size
of the integers involved in the calculations, the GNU MP Bignum Library (GMP) is utilized for
handling integers with arbitrary precision (Granlund et al. [26]).

To measure the runtime of each test, the high-resolution clock provided by the C++11 Chrono
library is employed. The experiments are conducted within a 64-bit Ubuntu 18.04 LTS virtual ma-
chine hosted on a Windows 10.0.17134 operating system, using VirtualBox 6.0.4 r128413 (Qt5.6.2).
The virtual machine is allocated 2 hardware cores (equivalent to 4 logical cores) and 40,000 MB of
RAM, with VT-x/AMD-V, nested paging, and KVM paravirtualization enabled.

The host computer used for running the tests is equipped with an Intel Xeon E5-1630 v4

processor clocked at 3.70 GHz, featuring 4 physical cores and 8 logical processors, along with 64

GB of RAM.

2.6.2 Data Description

The verification of the proposed method involved six datasets sourced from the UCI Machine
Learning Repository (Frank [23]). These datasets vary in size, ranging from 6.2 KB to 4.0 MB. The
selection of datasets of different sizes was deliberate to showcase the algorithm’s performance across
diverse scenarios. For instance, one potential application could involve employing the proposed
algorithm to encrypt symmetric keys. Notably, the type and content of the datasets are immaterial
to the encryption-decryption process.

The Balance Scale dataset (Balance) represents the smallest dataset utilized in our experi-

ments, comprising 6250 bytes of character-encoded data. It comprises 625 instances featuring four
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attributes used for classifying scales as balanced, tipped to the right, or tipped to the left.

Moving on to the Computer Hardware dataset (Machine), it contains 8726 bytes of character-
encoded data, encompassing 209 instances with nine attributes utilized to describe the relative
performance of CPU chips.

The Car Evaluation dataset (Car) is more extensive, containing 51867 bytes of character-
encoded data. It includes 1728 instances featuring six attributes used to evaluate various car
models.

Next, the Chess dataset (krkopt) comprises 531,806 character-encoded bytes, consisting of
28,056 instances featuring six classifying attributes. This dataset is designed to evaluate common
chess endgame positions involving a white king and rook against a lone black king.

The Anonymous Microsoft Web Data dataset (Anonymous) is notably large, encompassing
1,423,098 character-encoded bytes. It comprises 37,711 instances and 294 attributes compiled from
user visits to the www.microsoft.com website.

Lastly, the Adult dataset (Adult) represents the largest dataset tested, containing 3,974,305
character bytes. It consists of 48,842 instances featuring 14 attributes utilized for classifying income
brackets based on census information.

These datasets were selected based on their varying sizes, accessibility, and ease of use, rather
than their specific application to machine learning. Each dataset contains numerous repeated
character strings. However, during encryption, blocks of plaintext relative to the key size are
encrypted. Given that the block size exceeds that of a single word, it is improbable for two blocks

to be identical in the experiments.

2.6.3 Experimental Results

The experiments partition the large datasets into segments or chunks. The size of each block
is proportional to the key size, ensuring it remains sufficiently small to prevent degenerate cases
during encryption. These datasets were selected with the aim of illustrating discernible patterns in
the algorithm’s performance, rather than focusing solely on the application of encrypting symmetric
keys. A degenerate case in encryption occurs when two or more plaintexts are mapped to the same

ciphertext. Both algorithms employed in the experiments follow the same encryption process.
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Figure 2.1: Average run-time of 10 trials with varying size of plaintext shows the proposed method
is competitive to the existing method when n = pq.

Figures 2.1a to 2.1f depict the outcomes of the first experiment, illustrating the average runtime
in microseconds of each algorithm relative to the percentage of the dataset encrypted. These figures
reveal that the proposed algorithm exhibits linear growth concerning the size of the plaintext.

Specifically, Fig. 2.1a demonstrates that the proposed algorithm outperforms Fermat’s method
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by approximately 28%. Conversely, Fig. 2.le indicates that the proposed algorithm performs
comparably to Fermat’s method in terms of runtime.

However, Fig. 2.1f stands out as the sole instance where the proposed algorithm did not surpass
the performance of the existing method. This observation can be attributed to the relatively small
size of the dataset used in Fig. 2.1f, which may have amplified the overhead associated with the
proposed algorithm, leading to slower performance. Nevertheless, in larger datasets, this overhead
is negligible.

The comparative results are summarized in Table 2.1, with the superior outcomes highlighted in

bold for clarity. These results underscore that the proposed algorithm can deliver comparable speed

across various dataset sizes compared to the existing algorithm, while simultaneously expanding

the cryptosystem’s capabilities to accommodate an unlimited number of primes.

Figures 2.2a to

Data Set | % of the data set | 12 25 50 75 100
Machine Fermat Method (ps) 2484.7 | 5562.4 | 5755.5 7009.1 10456
Proposed Method (us) | 3997.7 3441.6 | 4342.3 5268.5 7631
krkopt Fermat Method (us) 43758 78560.7 | 142292.5 220350.7 | 274980.9
Proposed Method (us) | 43070 | 81497.5 | 137878.6 | 195869.9 | 255420.6
Car Fermat Method (us) 3624 6534 12320 17540 25037
Proposed Method (us) | 3532 6721 15682 21519 30448
Balance Fermat Method (us) 1451 1749 2336 3715 37177
Proposed Method (us) | 1149 1369 2249 2872 3502
Anonymous | Fermat Method (us) 78375 161216 | 336841 497071 719737
Proposed Method (us) | 91606 167405 | 320115 476634 653084
Adult Fermat Method (us) 217150 | 442520 | 901445 1338043 1791286
Proposed Method (us) | 215258 | 452492 | 908394 1353018 1801056

Table 2.1: Performance comparison in microseconds highlights the superiority of the proposed
method.

2.2f depict the outcomes of the second experiment, which compares the proposed algorithm against
Fermat’s method across varying public key sizes. The experiment demonstrates that the proposed
algorithm exhibits a time complexity similar to that of the existing two-prime algorithm utilized
in the Rabin cryptosystem, regardless of the key size. Notably, the experimental results for the
proposed algorithm align consistently with those of the existing methods.

Figure 2.3a illustrates the final experiment, where the proposed algorithm is assessed with a
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Machine.data with varying public key size(8.7 KB)

Balance-Scale.data with varying public key size(6.2 KB)

11000
14000 - |—©— Our method —©— Our method
— — — Fermat Method 10000 | — Fermat Method /
12000 9000 1
%) o 8000
2 10000 =
Q Q
] g 7000
(2] (2]
< I
S 8000 S 6000
€ £
= < 5000
£ 6000 £
= = 4000t
4000 3000
2000 -
2000 000
i . . | 1000 . . . |
64 256 512 1024 2048 64 256 512 1024 2048
Size of Public Key in bits Size of Public Key in bits
«10° krkopt.data with varying public key size(531.8 KB) Anghymous-msweb.data with varying public key size(1.4 MB)
27
7 - |—©— Our method —6— Our method
Fermat Method 181 Fermat Method
61 16
38 B4t
c 5F <
Q Q
O o
b 121
<4 o
S4r S
€ E 17
£ £
[0 = (] L
gl g8
[ =
0.6
ol
0.4
1k
- 02
= . | . |
64 256 512 1024 2048 64 256 512 1024 2048
Size of Public Key in bits Size of Public Key in bits
«108  Adult.data with varying public key size(4.0 KB) «104 Car.data with varying public key size(51.9 KB)
551
—©— Our method 7 I |—©— Our method
5 ermat Method Fermat Method
45 6
o 4r %}
g g5
335 3
o Q
(%] 0
Q <4
S 37 G4
S €
c25¢ £
(o} Q
E Ll £°
= =
151 2
e
4
05 N L I} — 1 L L I}
64 256 512 1024 2048 64 256 512 1024 2048

Figure 2.2: Average run time of 10 trials with varying key size

Size of Public Key in bits

(e) Figure 2.2e

competitive when n = pq.
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Figure 2.3: The average run time is not greagcly affected with less than 9 primes in the factorization

of n.

public key composed of varying numbers of primes. This experiment showcases the extensibility of
the Rabin cryptosystem, allowing for an unlimited number of primes to construct the shared public
key. Each prime in this experiment is set to a size of 512 bits.

The results depicted in Figure 2.3a indicate that utilizing eight or fewer primes in the prime fac-
torization of the public key results in negligible performance trade-offs. Consequently, the proposed
algorithm for achieving indistinguishability, as outlined in Section 2.5, can be constructed with a
random number s derived from a combination of up to eight primes, each with 512 bits, amounting
to a range of [0, 24096 _ 1]. This approach ensures the efficiency of the unmodified extended Rabin
cryptosystem is maintained.

The graph displayed exhibits exponential growth in the number of primes due to the algorithm
utilized to generate the 2" solutions to the quadratic residue problem, where r represents the number
of primes. Although the proposed algorithm employed to enumerate the solutions operates with a
time complexity of O(2"), it is feasible to implement an algorithm with polynomial time complexity

using dynamic programming techniques.

2.7 Conclusion
This chapter introduces several theorems and algorithms pertaining to the Chinese Remainder

Theorem and the extended Rabin cryptosystem. The experimental analysis conducted on these
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proposed algorithms, when applied to the Rabin cryptosystem, reveals a notable improvement
in performance compared to existing algorithms for the Rabin cryptosystem. Additionally, the
proposed algorithms offer enhanced support for encryption across any ring of integers modulo n,
accommodating an arbitrary number of distinct primes in its prime factorization while preserving
the elegance of a solution utilizing only two primes.

Moreover, the study demonstrates how this expanded generality can facilitate the provision of
ciphertext indistinguishability to the extended Rabin cryptosystem. Furthermore, by augmenting
the key size, it becomes possible to construct a larger message space, thereby mitigating the frag-
mentation of large plaintexts that typically result in an increased number of decryption operations
within smaller message spaces.

The algorithm designed to enumerate all 2" solutions with polynomial time complexity remains
a subject for future exploration and refinement.

The publication can be seen in Zhan et al. [99].
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CHAPTER 3

ON ALGORITHMS FOR COMPUTING SUMS OF POWERS OF ARITHMETIC
PROGRESSIONS
3.1 Background
The sums of powers of arithmetic progressions is an important topic in computational combi-

natorics and number theory. This sum is of the form

n—1
Spad(n) =a” + (a+d)P + -+ (a+ (n— )d)P = (a+ jd)?, (3.1)
j=0
where n > 1, p is a non-negative integer, and a and d are complex numbers with d # 0. Several
formulae and algorithms using different special functions and numbers have been developed to
compute this sum (Bounebirat et al. [9], Shiue et al. [80], Xiong et al. [97], Laissaoui and Rahmani
[47]).

The Faulhaber’s formula arises as the special case of the sum when a =d =1in (3.1):
n
Sp,l,l(n)Zij:1p+2p+3p+~-+np. (3.2)
j=1
We obtain the famous formula when p = 1:

n

) +1
S111(n) = Z] _ n(nQ)
j=1

The classical theorem of Faulhaber states that the sums of odd powers
12m—1 + 22m—1 NN n2m—1

n(n+1)

can be expressed as a polynomial of the triangular numbers T;,, = (Knuth [42]). Chen
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et al. [13] observed that the classical Faulhaber’s theorem on sum of odd powers also holds for

arbitrary arithmetic progressions, namely, the odd power sums of any arithmetic progression

a,a+b,---,a+(n—1)b

n(n+1)b
—
Finding the optimal formula and algorithm for calculating (3.1) continues to intrigue both

can be expressed as a polynomial in na +

the mathematics and computer science realms. Laissaoui and Rahmani [47] provided a clear-cut
formula expressing the polynomial in terms of n, leveraging Stirling numbers of the second kind
and binomial coefficients, as detailed in the subsequent section.

In 2013, Xiong et al. [97] introduced a technique for computing such a sum based on general
Eulerian numbers. However, utilizing generalized Eulerian numbers might not be optimal due to
the increased computational time required. Several other researchers have also explored results
utilizing generalized Eulerian numbers Lehmer [48], Pita-Ruiz [66]. This study aims to propose
a novel approach using classical Eulerian numbers for comparison with Xiong et al.’s method
employing general Eulerian numbers. Specifically, we conduct an algorithmic analysis of their
method to determine its theoretical time complexity.

In this chapter, we classify our findings into two groups, sums obtained using Stirling number
of the second kind and those obtained using classical Eulerian numbers. Within each category, we
provide detailed algorithms and analyses. Additionally, we present experimental findings related

to these algorithms.

3.2 Preliminaries
3.2.1 Stirling Number of the Second Kind

Since the binomial coefficients are involved, it is important to note that Pascal’s identity (Aigner

1),
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can be written as

r r+1 r
= - 3.3
()= (0) - () 53)
where 7 may not be a positive integer.

Charalambides [12] gave the expansion of ¥ in terms of the Stirling numbers of the second kind

and the binomial coefficients, written as follows:

P
N [t
P = jEZly!S(p,J)<j>- (3.4)

The Stirling numbers of the second kind, denoted by S(p, k), count the number of ways to
partition a set of p labelled objects into k& nonempty unlabelled subsets (Charalambides [12]). The

explicit formula can be written as
1 & (K
S0 = 217 () - i 3.5)

k
where ( ) denotes the binomial coefficients. The Stirling numbers of the second kind satisfy the
J

following recurrence relation
Sp+1,k)=kS(p. k) + Sp,k—1), (3.6)

with S(0,0) =1 and S(p,0) = S(0,k) = 0.

3.2.2 C(lassical and General Eulerian Number
The classical Eulerian number <p> is the number of permutations of the numbers 0 to p in
J
which exactly j elements are greater than the previous element.

The classical Eulerian numbers are defined as the coefficients of (x tr- J), j=0,1,--- ,nin
p
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the factorial expansion of ", namely,
P\ (x4 -1
5Up:Z<>< >7 p:()?lv"" (37)
—o p

which is called Worpitzky’s identity (Carlitz [10], Charalambides [12], Worpitzky [96]). For example,

the values of <p> for 1 < p <5 are given as follows (Charalambides [12]):
J

» jlol 112134

3 1141

4 111111

5 1]126]66 |26 |1

Table 3.1: Values of Eulerian numbers for 1 < p <5.

Xiong et al. [97] defined the general Eulerian numbers Ay, ;(a,d) with the following recurrence

relation as Ag 1 =1, A,; =0 (j > porj < —2) and

Apjla,d) = (—a+ (j+2)d)Ap-1,5(a,d) + (a+ (p— j — 1)d)Ap-1,j-1(a, d). (3.8)
(0<j<p-1).

The binomial expansion of <$

) can be rewritten using the Pochhammer symbol (x),, or falling
p

factorial, as follows:

(-4

where (z), =z(x —1)---(z — p+1). We will use this in our main results.
Next, we present two lemmas for the explicit forms of Fulerian numbers and general Eulerian

numbers, which we will use in the experiments.
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Lemma 3.2.1. The classical Fulerian numbers <§> are given explicitly by the sum
p ! (p+1
(M= (PTG (3.10)
J i=0 !
This lemma is proved in many manuscripts (Charalambides [12], Comtet [19], Hsu and Shiue [34]).
Lemma 3.2.2. The general Eulerian numbers A, j(a,d) are given explicitly by the sum
an
Apj(a,d) = Z(—l)z< . )[(j+2—i)d—a]p. (3.11)
i=0 !

This lemma is proved by Xiong et al. [97].

Xiong et al. [97] used the general Eulerian numbers to compute (3.1) in the following formula:

n p—1 . 1
S (atdk—1 =3 4y(a,d) (”“ + > (3.12)

P = p+1

A comparison of (3.12) with our results is given in Section 3.5.

3.3 Main Results

In this section, we categorize our results into two subsections.

3.3.1 Stirling Number of the Second Kind

We give an elementary approach to prove the following theorem of Laissaoui and Rahmani [47].

Theorem 3.3.1. (Laissaoui and Rahmani [47]). Let a and d be complex numbers with d # 0, p a
non-negative integer, and n a positive integer. Then the sum of the p'* powers of the first n terms

in the arithmetic progression with first term a and common difference d can be expressed as

Spanaln) = dpkém(p, o[0T - (1)) (313)

where S(p, k) denotes the Stirling number of the second kind.
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Proof. Using (3.4), let t = (k— 1)+ g, then

(-1)+ %) = jﬁlmp,j) ("),

Multiplying dP to both sides gives

Wt (h b N\~ ((k—1)+2¢
(at (k—1)d) d;ﬂsm)( j )

Next, summing both sides from k£ = 1 to n gives
n P n
. . kE—1)+%
Y (a+ (k—1)d)’ =d*) j1S(p,5)> <( .) d). (3.14)
j=1

k=1 k=1 J

The binomial term on the right hand side of (3.14) needs to be investigated as k varies from 1 to

n. Pascal’s identity given in (3.3) is utilized.

()=0)-C) -G

For k=1,

For k = 2,

()= (5) -4 ()

Inductively, it can be shown that for & = n,

()= (12) - (20 )

Hence,

knl <(k_§') i 3) N <§1711> - <]il> (3.15)
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Combining the results of (3.14) and (3.15) gives

Sp,aa(n —deJ'S p:J [(]4-:) - Gﬂ ’

which is the desired result. Note: the beginning index starts at j = 1 because S(p,0) = 0. O

The next corollary simplifies (3.13) to reduce the actual-run-time, which is discussed in more

details Section 3.4.

Corollary 3.3.2. Under the same assumptions as in Theorem 8.5.1, the sums of pth powers of
the first n terms in the arithmetic progression with first term a and common difference d can be

expressed as

Sp,a d\n

M@

[< d)k+1 ; (Z),m] : (3.16)

where S(p,k) denotes the Stirling number of the second kind, and and (z), denotes the falling

B
Il

factorial (z)p, = z(x —1)---(z — (n—1)).

Proof. Use (3.9) to simplify the binomial coefficients in (3.13). O

3.3.2 Classical Eulerian Number
Theorem 3.3.3. Let a and d be complex numbers with d # 0, p a non-negative integer, and n a
positive integer. Then the sum of the " powers of the first n terms in the arithmetic progression

with first term a and common difference d can be expressed as

n

S latd(k -1 ,zp:<>[< +j+n-1) +1_<Z+j_1>p+1]' (3.17)

k=1 J=

where <p> denotes the classical Eulerian numbers.
J

Proof. Given

007

35



the substitution z = (k — 1) + % results in

[(k;1)+Z}pzzp:<]?>((k_l)+3+j_l). (3.19)

=\ p

Multiplying both sides by dP and summing over k leads to

Zn:[a+d(k—1)]p=dpzp:<77>zn:<(k_1)+3+j_1>. (3.20)

k=1 = M4 p

(k—1)+%+j—1

n
Now, consider just Z <
p

k=1

((k—1)+§+j—1):(g+j—1>+<g+j>+m+(n—2+g+j>.
P p p p p

n—1
p—1

atJ S+i—1 1+5+7 S+ n—1+%+3j n—2+9+7
- + - + -+ — .
p+1 p+1 p+1 p+1 p+1 p+1

We see that the sum telescopes, so we have the following result

zn:((k—l)vaZJrj):<n—]1?1]f_l+j>_<§;i;1>' o)

k=1

>. Expanding the right hand side of (3.20) results in

—1
Now using Pascal’s identity (n) = ( ) + (n ), the right hand side becomes
p p

Utilizing the identity (3.9) we arrive at the following

<n—1+?l+j> _ (?f“j_l) _ (Gri+tn—1pn—(G+J—Dpn (3.22)
p+1 p+1 (p+1)! ' '
Plugging (3.22) back into (3.20) gives us
zn:[aer(k—l)]p— - Zp:<p>[<a+'+n—1) —<9+'—1> ]
—1 (p+1)! par V) a7 pr1 \d 7 pt1]
0
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3.4 Algorithms and Analysis

n
First, we give the algorithm to compute binomial coefficient ( k:> The time complexity is

O(nk).

Algorithm 10 Algorithm for computing the binomial coefficient using dynamic programming

Input: Non-negative integers n, k, k < n.

Output: Binomial coefficient <Z)
1: C « [[0 for _ in range(k + 1)] for _ in range(n + 1)]
2: for i in range(n + 1) do

3:  for j in range(min (i, k) + 1) do

4 if j ==0or j ==1 then

1 Clillj] =1

5 else

: Cli][j] = C[i — 1][j — 1] + C[i — 1][j]
6: end if

7. end for
8: end for

9: Return C[n][k]

3.4.1 Stirling Number of the Second Kind
Now, we give the algorithm to compute the Stirling number of the second kind. It has a time

complexity of O(nk)
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Algorithm 11 Algorithm for computing Stirling numbers of the second kind using dynamic pro-
gramming

Input: Non-negative integers n, k, k < n.
Output: Stirling number of the second kind S(n, k)
1: S < [[0 for _in range(k + 1)] for _ in range(n + 1)]

2: for i in range(n + 1) do

2:  S[i][0] =0
2. Si]li] =1
3: end for

4: for ¢ in range(1,n + 1) do

5. for J in range(1l, min(i, k) + 1) do

s Sl =g x Sl — 1[j] + Sl — 1]l — 1]
6: end for

7: end for

8: Return S[n][k]

Finally, we can compute the sum using Stirling number of the second kind:

Algorithm 12 Computing the sums using Stirling number of the second kind

Input: a,d € C, d # 0, p non-negative integer, and a € N.
Output: Sum of arithmetic progression Sy, 4 4(n).
1: Initialize Sum M =0
2: for j in range(1,p+ 1) do
2:  Compute m; = j!
2:  Compute mgo = S(p, j) using Algorithm 11
n+9 g
2:  Compute m3z = ( , d) — <d> using Algorithm 10
J+1 J
2: M =M+ mq X mg X m3
3: end for
4: Compute Sy 4 4(n) = dP x M

5. Return Sj q.4(n)
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Computing m; = j! requires O(j) operations, but since j ranges from 1 to p, the total complexity
for this step is O(p?). Computing ma = S(p, §) is O(pj) = O(p?) since j is the running index. The
binomial coefficients in m3 can be computed in O(nj) = O(n?). In total, the time complexity is
O(p® + pn®).

Next, we give the corresponding algorithm to Corollary 3.3.2.

Algorithm 13 Algorithm to compute the sum using Corollary 3.3.2

Input: a,d € C, d # 0, p non-negative integer, and a € N.
Output: Sum of arithmetic progression Sy, 4 4(n).
1: Initialize M =0
2: for k in range(1,p+ 1) do
2:  Compute m; = S(p, k) using Algorithm 11
a a
2:  Compute mgy = (n + f) - <7)
d/ k+1 d/ k+1
2: M =M+ mq X mo

3: end for
P
k+1

4: Compute Sp 4 4(n) =

5. Return Sp 4 4(n)

In this algorithm, we have the time complexity O(p) for the for-loop, O(p?®) for the Stirling

number of the second kind, and O(p) for computing the Pochhammer symbol. In total, we have

O(p)(0(p®) + O(p)) = O(p%).

3.4.2 Classical Eulerian Number
Now, we give the algorithm for computing the classical Eulerian numbers. It has a time com-

plexity of O(n?).
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Algorithm 14 Algorithm to compute the classical Eulerian numbers

Input: Non-negative integers n, k, k < n.

Output: Classical Eulerian numbers <Z>
1. E < [[0 for _ in range(k + 1)] for _ in range(n + 1)]
2: for i in range(n + 1) do

3:  for j in range(min (i, k) + 1) do

4 if j==0or j ==1 then

4 Eli][j] =1

5 else

5: Elillj] = (i = j) x Eli =1][j =1+ (G + 1) x E[i — 1][7]
6: end if

7. end for
8: end for

9: Return E[n][k]

Finally, we give the algorithm to compute the sum using classical Eulerian numbers.

Algorithm 15 Algorithm to compute the sum using classical Eulerian numbers

Input: a,d € C, d # 0, p non-negative integer, and a € N.
Output: Sum of arithmetic progression Sy, 4 4(n).
1: Initialize M =0

2: for j in range(p + 1) do

»

Compute m; = <p> using Algorithm 14
J

a . a .
2: Computem2:<—+3+n—1> _(,4_]_1)
d p+1 d p+1

2: M =M+ mi X mo

3: end for
dp

M
(p+1)! %

4: Compute Sp4.4(n) =

5. Return Sp, 4 4(n)

In each part of this algorithm, the time complexity is O(p) for the for-loop, O(p?) for classical

Eulerian numbers, O(p) for the Pochhammer symbol, and O(p) for . So the time complexity

dp
(p+1)!
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overall is O(p)(O(p*) + O(p) + O(p)) = O(p°).

3.5 Experiments

In this section, experimental results for evaluating the sums of powers of arithmetic progressions
are presented. First, the specifications of the testing environment are given. Next, the details of the
experiments are described. Lastly, the results of the original method versus the simplified method

will be discussed.

3.5.1 Stirling Numbers of the Second Kind

Specifications

All of the experiments are implemented using Python 3.7, with PyCharm IDE. The libraries includes
Sympy and time. Sympy is a library that does symbolic mathematics. Data visualizations are done
using Matlab. The experiments are run in a 64-bit Windows 10.0.18362 operating system. The
computer used to run the tests consists of an Intel i7-8700K running at 3.7GHz with 6 physical
cores and 16 GB of RAM.

Description of Experiments

There are a total of seven experiments. In each experiment, the parameter p, which is the same
p as in (3.13), varies. The first experiment sets p = 10. In subsequent experiments, p increments
by 10 each time, with the last experiment testing on p = 70. The run-times are calculated using
arithmetic mean over 100 trials.

In each experiment, the “stirling” function from the Sympy library is used to compute the
Stirling numbers of the second kind. In addition, combinatorial functions such as “factorial” and
“combsimp” are used. The functions for falling factorial and binomial are coded without dynamic

programming.
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Figure 3.1: Average run time of Laissaoui and Rahmani’s method vs Our method.

Results and Discussion

The results of the experiments are shown in Figures (a) and (b). Figure (a) shows that the simplified
version is superior to the original method from Theorem 1. Figure (b) shows the percentage
difference between the two methods. For lower values of p, the percentage difference is much
higher. Due to the p values being smaller, the overhead associated with the proposed algorithm
may have contributed to the drastic difference. As the value of p increases, the simplified algorithm

performs about 10% to 11% consistently better than the original.

3.5.2 Classical Eulerian Number

In this section, experimental results for evaluating the sums of powers of arithmetic progressions
are presented. The specifications of the testing environment are given, and the details of the
experiments are described. Thereafter, the results of the original method compared to the simplified

method is be discussed.

Specifications

The computer used to run the tests consists of an Intel i7-8700K running at 3.7GHz with 6 physical
cores and 16 gigabytes of RAM. The operating system used is Windows 10 Pro 20H2, 64 bit
version. All of the experiments are implemented using Python 3.7 with Jupyter Notebook 6.0.3.

The libraries include Sympy and time. Sympy is a library that does symbolic mathematics. The
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time library stores start-time and end-time, which are subtracted to obtain actual computation

time. Mathematica is used to perform data visualizations.

Description of Experiments

In the first set of experiments, the value of the power p varies from p = 10 to p = 100 with Ap = 10
as the increments. This aims to give the sums of powers of arithmetic progressions in the general
form. The results are simplified when comparing the results.

In the second set of experiments, the values of a,d, and n are fixed to randomly generated 20
digit numbers. The value of the power p varies from p = 200 to p = 2000 with Ap = 200 as the
increments. This aims to better compare the two algorithms due to lower values of p may not give
significant results. In both sets of experiments, the run-times are collected and averaged over 100

runs.

Results and Discussion

The results are visualized using Mathematica. The graphs are used to compare our algorithm (14)
against Xiong et al.’s algorithm. Two tables are given to see the numerical results.

The main contribution to the drastic difference in times shown in figure (a) is that Xiong et
al.’s algorithm gives the result in polynomials in n, whereas our algorithm gives the result in an
unsimplified form. Even though the theoretical results can be simplified to the identity, a computer
check was also performed to verify the answers are the same. This gives a more comparable result

since the first set of experiments does not give the results in the same way.

Values of p 10 20 30 40 50
Our algorithm 0.4747 1.4272 3.1077 5.9152 10.2915
Xiong et al.’s algorithm 0.5635 4.5019 27.0317 101.6553 | 252.6017
Values of p 60 70 80 90 100
Our algorithm 17.8694 | 25.0377 34.7735 46.7552 61.1408
Xiong et al.’s’s algorithm | 500.5395 | 807.2444 | 1309.9709 | 2003.4787 | 2703.5214

Table 3.2: Experiment One: of The time is measured in seconds. Algorithms generate the general
form of the sums of powers of arithmetic progressions. This table shows that our algorithm is far
more efficient.
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Figure 3.2: Comparisons of two algorithms: ours vs Xiong et al. [97].

Values of p 100 200 300 400 500
Our algorithm 0.4497 1.0876 2.1052 3.9748 5.9838
Xiong et al.’s’s algorithm 0.359 1.3106 4.1687 10.9749 22.7876
Values of p 600 700 800 900 1000
Our algorithm 9.2827 13.244 17.6911 23.2921 34.1791
Xiong et al.’s’s algorithm | 44.2563 70.7529 124.8384 | 188.3088 | 273.7294
Values of p 1100 1200 1300 1400 1500
Our algorithm 82.4342 145.502 188.3088 290.617 346.7947
Xiong et al.’s’s algorithm | 412.5691 | 604.4786 | 846.1521 | 1105.5296 | 1457.421
Values of p 1600 1700 1800 1900 2000
Our algorithm 492.055 570.5803 | 681.9292 | 770.6358 | 979.0942
Xiong et al.’s’s algorithm | 1822.8166 | 2221.2837 | 2681.4324 | 3336.1961 | 3840.6724

Table 3.3: Experiment Two: The time is measured in seconds. The constants a, d, and n are fixed
to randomly generated 20 digit numbers, with the value of p varies. This table shows that our
algorithm is faster in generating the values of sums of powers of arithmetic progressions.
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3.6 Conclusion

In this chapter, we have discussed the theorems and the corresponding algorithms on computing
sums of powers of arithmetic progressions using Stirling number of the second kind and classical
Eulerian number.

For Stirling number of the second kind, we provided both an elementary proof and a simplifi-
cation to Laissaoui and Rahmani’s method for computing Sj, 4 4(n). The elementary proof given in
Section 3.3.1 is an alternative proof to the one found in the original paper (Laissaoui and Rahmani
[47]). Corollary 3.3.2 is a simplification to the original formula given in (3.13). It uses falling
factorials instead of binomial coefficients.

For classical Eulerian number, we provided two novel algorithms to compute S, 4 q(n). We
compared against the method of Xiong et al. [97], which used the general Eulerian numbers. We
showed that our method with classical Eulerian number is more efficient compared with using
general Eulerian number.

The publications can be seen in Shiue et al. [80, 79].
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CHAPTER 4

COMPUTING RAMANUJAN CUBIC EQUATION AND RAMANAUJAN-TYPE IDENTITIES

4.1 Background

In this chapter, we considered properties of a theorem of Ramanujan to develop properties and

algorithms related to cubic equations. Next, a generalized Computation procedure for construction

of the Ramanujan-type from a given general cubic equation and a cosine Ramanujan-type identity

is developed from detailed analyses of the properties of Ramanujan-type cubic equations. Examples

are provided together with cubic Shevelev sums.

Ramanujan [68] wrote the following identities in his notebook :

\/ 2T n i/ 47 . 87r
Ccos — CcoS — —
7 7 7

v 2w+v 4w+3 8
COS — COS — COS —
9 9 9

>1

1 1 1
+ +
\/ cos 277T \5/ coS 47” &/ cos 87”

1 1 1

+ + =
3 L 2T 3 L 4m 3 8
\/COS 9 \/COb 9 COS 9

Next, consider the following theorem of Ramanujan [68]:

5[5 — 3¢’
d6 3vf

= {/8—6%
—\/6—6v9

5

Theorem 4.1.1. Let o, 3, and -y denote the distinct roots of a cubic equation

22 —ax? +br—1=0.
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If a, B, and v are real and distinct and the cubic roots of these numbers below are real, then

Va+ B+ ¥y =Va+6+3t and (4.6)
1 1 1 f

— 4 — 4+ —=Vb+6+3 4.7
\3/5+\‘°/B+\3ﬁ + 6 + 3t, (4.7)

where t is the only real root of the associated Ramanujan equation
t3—3(a+b+3)t—(ab+6(a+b)+9)=0 (4.8)

with t # «, B, v

Wang [90], inspired by Ramanujan’s identities involving cosine functions, investigated similar
identities involving sine and tangent functions. By using Ramanujan’s theorem and Cardano’s

formula, he provided the following identities:

i’/sin277r—|— {’/sinﬁ‘;r+§’/sin87”: <— f/Z) (i/—?ﬁ+6+3<§/5—3{“f7+ 3/4—3\%)),

(4.9)

{"/siln%r ! g/silnéhr i g/siln&r B <_ T/é) (\/6+3 <\/5—3\f+ {/1- 3f>) (4.10)

7 7 7

f 2 14 R :
{fsing + §/s1n9”+ i/mg7T - —\2/§§’/6+3 <\3/6—3\3/§+ 5’/3—36’/@)7 (4.11)

1 1 1 2 : :
4 4 :_%i’/—%+6+3<</6—3\3/§+</3—3\3’/§>, (4.12)

i),/t 2 " iJ,/t 47 " \3/‘5 8
an — an — an —
7 7 7

:(%)i‘/—%ﬁ+6+3<{’/3%—3\3@+5+\3/3%—3\3@—3>, (4.13)

1

1
\/tan \/tan {’/tan 87”
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:<_1\81ﬁ) §/_€/4T9+6+3<€/3€’f7—33/f9+5+3/3%—3\3/479—3) (4.14)

S/tan — + i’/tanMJr i/tanh
9 9 9

:(— 1{‘/5) 3 —3%+6+3<§/21—3<3€/§+€/§)—§/3+3(3€’/§+€’/§>) ,

(4.15)

1 1 1
+ +
V/tan % i/tan %r f/tan %”

:<_ 1;3) g —\3/§+6+3<</21—3(3\?/§+\3/§>—</3+3<3\37§+\3/§)) . (4.16)

In this chapter, we use the work of Liao et al. [50] and Chen [14] to determine the root ¢ from the
associated Ramanujan equation (4.8), with ¢ being the only one real root; it is proved in Theorem
4.3.6. We apply this results to cubic equations of the various forms defined in Section 4.2. We
also present a theorem to construct cosine Ramanujan-type identities. Lastly, we give the result
for computing the Cubic Shevelev Sum (Shevelev [77]). In Section 4.6, we give a comprehensive
computation procedure for cubic equations of categories Type 1, Type 2, and General Case. In

Section 4.7, a great number of examples are presented.

4.2 Preliminaries
In this section, we present the preliminary information needed to support our main results.

First, we classify the cubic equations into the following types:

i). 23 —azx? +br —1=0, a+b+3#0, a,b €R, a,b not both 0 (Type 1)
(ii). 2° —az?+br—1=0, a+b+3=0,a,beR, a,bnot both 0 (Type 2)
(iii). 2° + Az? + Bz +C =0, AVC + B +3VC? =0. (RCP 1)

(iv). 2® + Az* + Bx +C =0, B> 4+ A3C +27C* = 0. (RCP 2)
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(v). General case (none of the above)

Next, Shevelev [77] defined the sum,

3a+3’6+§/?+§/3+37+3a’
V B gl o a VgV~
as the cubic Shevelev sum, where «, 3, and  are roots of a cubic equation f(z) = 23+ Az® + Bx +
C=0.
One may use Vieta’s formula (Gilbert and Gilbert [24]) to verify the roots are of the cubic

equations defined in the examples. In Wang’s proofs for these identities, large amount of calculations

are involved. Specifically, his computation is based on his Theorem 1.7, which relies on computing

a B\ (B2, a))
<<5+7+0¢> (a+ﬁ+v)>’

where «, 8, and v are the roots of 2® — az® +bx — 1 = 0.
The next theorem is used to prove our theorem to provide a more efficient method compared

to Wang’s approach.

Theorem 4.2.1. (Liao et al. [50]). Given a polynomial equation of degree three P4+ pr+qg=0
(p,q # 0), with real coefficients. Let p = —3rs and q = rs(r + s). Then the three solutions to this

equation are

—1++/3i
—

where w =

Moreover, if r,s € R and r # s, then the equation has one real root and a pair of complex

conjugate roots.
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4.3 Main Results
431 Typel& 2
Theorem 4.3.1. (Shiue et al. [82]). Let f(z) = 3 — ax? +bxr —1 =0, a,b € R, a,b not both 0.

Let f(z) have three distinct real roots a, (3, and . Let t* —3(a+b+3)t — (ab+6(a +b) +9) =0

be the associated Ramanujan equation. Then

t_ i/ab+6(a+b)+9+A+€/Gb+6(a+b)+9—A

4.1
. . , (417)
where the discriminant of f(x) is A? = (ab)? — 4(a® + b3) 4 18ab — 27. Moreover,
Va+3/B+ 7 =a+6+3t,
1 1 1
—=+5=+—-——=="Vb+6+3t
Proof. Using the method of Liao et al. [50], we have
—3rs=-3(a+b+3) = rs=a+b+3, (4.18)
b b
rs(r+s)=—(ab+6(a+b)+9) = r+s= _(ab+6(a+t )+9). (4.19)

rs

To compute r and s, we compute r» — s. Then

(r—s)%=(r+s)* —drs =

(a2 ((ab+6(a+b) +9)> —4(a+b+3)*)

1
= a2 (ab)® + 12a°b + 36a° + 12ab” 4 90ab + 108a + 36b* 4 108b + 81

— 4 (a® + 3a®b + 9a + 3ab® + 18ab + 27a + b* + 9b° + 27b + 27)

= (ri)Q ((ab)® — 4 (a® 4+ b°) + 18ab — 27)

= (r—3s)%(rs)? = (ab)® — 4 (a® + b*) + 18ab — 27.

Let A? = (ab)® —4 (a® + b*) +18ab—27 = (r—s)*(rs)?. Note that the discriminant of t* +pt+q = 0
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is always a perfect square. Then

r—s=—.
rs
Hence,
2r:_ab+6(a+b)+9 +é 2 —(ab+6(a+b)+9)+A7
rSs 7S 2
2s:_ab+6(a+b)+9 A IR —(ab+6(a+b)+9)—A'
] rs 2
Thus,
t = —(rs)% (r% + s%> = — (T%S% —i-r%s%)
B i,~,/(ab+6(a+b)+9)+A N i,/(ab+6(a+b)+9) N
B 2 2 '
From Theorem 4.3.1, we have the second result. O

We apply this theorem to the Shanks polynomial (Dresden et al. [22]).

Corollary 4.3.2. (Shanks Polynomial Dresden et al. [22]). Let f(z) = 2® —az? — (a+3)z—1 = 0.

The associated Ramanujan equation is t34+q = 0, where ¢ = (a(a+3)+9). Thent = — Va2 +3a+9.
The roots of f(x) are

1 1
3 <a+2s/a2 + 3a + 9cos (3 (arctan (33;/;) +k:7r>>> if a> —g,
1 1
3 (a— 2+v/a? + 3a + 9cos (3 (arctan (33£a> +k:7r>>> if a< —g,

where k = 0,2,4. Then by Theorem 4.3.1, we have for a > —g, k=0,2,4,

Z ;<a+2\/a2+3a+9cos (; (arctan( 3V3 ) +k7r>>> = </a+673\3/a2+3a+9

w

3+ 2a

1 3v3 . 3 3 )
cos | = [ arctan | —— | + kn =2 a+6—-3vVa?+3a+9.
<3< <3+2a> >> \/a—|—2\/a2+3a—|—9\/

w

= 2.
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For a < —;, k=0,2,4, we have

w

3+ 2a

. 1 1 3v3 )
Z 3(@—2 a2+3a+9cos<3<arctan< \f>+k7r>>>:€/a+6—3\3/a2+3a+9

1 S )
:>Z3cos — | arctan ﬁ + km = - V3 \S/a—&-6—3\3/a2—|—3a+9.
3 a Va—2Va®+3a+9

On the other hand, for a > —g, k=0,2,4,

> ! — {/~(@+3)+6-3Ya2 13019
i/% (a—l—Q\/WCOS (% (arctan (i‘_/i) + kﬂ')))
1 :§/a+2\/a2—|—3a+93 _ 3_3m.
— Z i/cos(% (arctan(?i‘/jl)JrkW)) 3 \/ a+ a® + 3a +
Fora < —;, k=0,2,4, we have
1 3 .
={/—(a+3)+6-3Va?+3a+9
> 4t (o 23 9oos (3 (et (35 + 7)) Ve o
1 :§/a2\/a2+3a+93 332 +3a+0
- Z i/cos(% (arctan(i}é‘i)ﬂ-kW)) 3 \/ a+ a® + 3a +

Corollary 4.3.3. From Theorem 4.3.1, ifa+b+3 =0, then t = v/ab—9.

The condition a+ b+ 3 = 0 was researched extensively by several authors Berndt and Bhargava

[7], Dresden et al. [22], Shevelev [77]. Examples with this condition will be given in Section 4.7.

Theorem 4.3.4. Let f(z) = 2° —ax® + bz —1 =0 with a + b+ 3 = 0. Then all three roots are

distinct.

Proof. From Theorem 4.3.1, the discriminant of f(z) =0 is:

A% = (ab)? — 4(a® + b®) + 18ab — 27.
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Then:

D = a?h? — 4b® — 4a® + 18ab — 27 = a®b? — 4(a® + b®) + 18ab — 27
= a®b? — 4(a + b)(a® — ab + b?) + 18ab — 27 = a®b* + 12(a® — ab + b*) + 18ab — 27
= a®b? +12(a® + b*) + 6ab — 27 = a®b* + 12[(a + b)? — 2ab] + 6ab — 27

= a®b* + 12(9 — 2ab) + 6ab — 27 = a*b* — 18ab + 81 = (ab— 9)* > 0.

Therefore f(z) = 0 with a + b+ 3 = 0 has three distinct roots if ab # 9. If ab = 9, then combined
witha+b+3=0,02+3b+9=0 = b is not real. ]
Corollary 4.3.5. Let f(z) = 2° — az® + bx — 1 with a + b+ 3 = 0. The roots of f(x) are the

1
negatives of g(x) = x> + ax® + bxr + 1 with a + b+ 3 = 0. Then g(x) :0:g<1> ,r # 1.
—x

Proof.

()= () +o () ()

[1+a(l—2z)+b1—2)2+(1—-2)?

1
(1—-=)?

1 2 2 _ .3
= ——=[l+a—azx+b—2bx+bz”+ (1 -3z + 32" — 2°)]

(1-2)
- (1_196)3[_3”3""(3"‘17)352—(a+2b+3)m+(1+a+b+1)]

1
m[—x?’—a$2—bx—l] =0

— P +ar’+br+1=0

:>g( L )zOzg(x). 0

1—=x

Theorem 4.3.6. Let t° + pt + q = 0 be a cubic equation, where p = —3(a + b+ 3) and

qg=—(ab+6(a+b)+9), abeR, abnot both 0. Then only one root is real.

Theorems 4.3.1 and 4.3.6 are used in the next section to prove the main theorems for the general

case: 3 + Az> + Bz +C =0, A,B,C € R, A, B not both 0, and C # 0.
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4.3.2 General Case
Theorem 4.3.7. Let f(x) = 2° + Az + Bx +C =0, A, B,C € R, A, B not both 0, C # 0. Let

f(x) have three distinct real roots o, 3, and . Then

(a) the associated Ramanugjan equation is

t3—3<\3;46+€/%+3>t—<AB (\Af W) ) 0; (4.20)

(b) the only real root to the associated Ramanujan equation (4.20) is

tJABJrG(} )+9+ (f)+j +6<%

B VD)
) +9- Y

@2
where
D(f) = (AB)* — 4(A3C + B*) + 18ABC — 21C% (4.22)
(c) the Ramanujan-type identities are
3/&+€/B+\%:—§/A+6€’FC+3NFC (4.23)
1 1 1
B 4.24
AR TR R ek (424
Proof. Let f(z) = 23 + Az® + Bx + C = 0, C # 0. Dividing by —C yields
z \° A z \? B x
o= Y\ sEm)ltem) Tl s ) =0
VC VC Ve C? Ve
x A B
Let y = — ,a=——,and b= Then
TTve T ve ot
gy) =1 —ay? +by—1=0. (4.25)

By Ramanujan [68], the associated Ramanujan equation of (4.25) is t3 — 3(a + b + 3)t — (ab +
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6(a +b) +9) = 0. Thus the associated Ramanujan equation of 2® + Az? + Bz + C =0 is

t3—3(;5+€/%+3>t—<143+6<; f) ):0, (4.26)

which is the result for (a).

For (b), by Theorem 4.3.1,

D(g) = (ab)? — 4(a® + b®) + 18ab — 27

_(ABY' (A B\ 18AB
“\C c ' c? C
1
== ((AB)? — 4(A*C + B®) + 18ABC — 271C?)
D
DU,

— 27

since f(z) = 0 has three distinct real roots.
By Theorem 4.3.6, the associated Ramanujan equation > —3(a+b+3)t — (ab+6(a+b)+9) = 0

has only one real root ¢. Hence,

t_{/ab—i-Ga—i—b +9++/D 3ab+6a—i—b)+9— D(g)
B 2

i B . D(f)
o+ ) +9- Yo

A+ o) +9+ (f)+3 £ 46 (4

also has only one real root t. This concludes the proof for (b).

o p v

Lastly, for (c¢): note that the roots of (4.25) are o, = ——=, = — ,and v, = ——=.
y (c) ( ) y Vo By JC Ty Jc

Then, by Theorem 4.1.1, we have
Yoy + \3/@, - \3/77, = Va+6+3t, (4.27)

1
= Vb+6+ 3t, (4.28)

3/ay / \/7
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where

t_iz/ab—i-ﬁa—i-b +9+ /D 3ab+6a—|—b)+9— D(g)
B 2 2

and

D
D(g) = (ab) (a® + %) + 18ab — 27 = C@
Substituting a, = — \3;%, By = — ;5, Yy = — \JFC” a \3;45, and b= 3BC'2 we have

R 30 F 1/ (4.29)
\/_7 \/ = \/_7 1/ 1643, (4.30)

where ¢t and D(f) are described in (4.21) and (4.22) respectively. Finally, simplification gives

Yo+ $/B+\3/:—{’/A+6\3WC+3N’WC

111
A A %\/B+6W+3tf

O
Corollary 4.3.8. Let f(x) = 2> — 3rsx + rs(r + s) = 0 with real coefficients. Then
(a) the associated Ramanugjan equation is
TS rs
B9/ ——5-1)t+9(2¢——=5—-1)=0;
o (ifarm ) o Cyfem ) -0
(b) the only real root to the associated Ramanujan equation is
, D(f) . D({)
59<1—23/(+3)>+ - 59<1—23/(+5)>— -
t= + (4.31)

2 2 ’
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where

D(f) _ 27(r—s)*,

= 4.32
C? (r+s)? "’ (4.32)
(c) the Ramanujan-type identities are
Va+ /B + \Sﬁ:—\3/6\3/?”8(7’+8)+3t\3/7“8(7“+3>, (4.33)
1 1 1 3 6 3t
Va B Y r+s  rs(r+s)  Yrs(r+s)

Proof. Let A =0, B= —3rs, and C = rs(r + s) in the results of Theorem 4.3.7.

For part (a), we have

t33<m+3>t (6 (%) +9) —0.

Simplifying gives

For part (b),

= 2 * 2 ’
where
ch) = % ((AB)? — 4(A’C + B*) + 18ABC — 271C?)
_71 7‘83— 7”827“ 82:71 — 7“827‘—82
= (4 o QOBre) =210+ 9)%) = o (F270r)(r = 9)')
B 27(r — 5)?
T (r+s)2
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For part (c),

Yo+ {’/B+W=—{’/A+6%+3t%
— —{/63/rs(r+5) + 3t /rs(r +5)

and

1 1 1 1
=ttt e e {’/B+6x/302+3tx/302

= \/—37"34-6\/ (rs) 7"—1—3 —|—3t\/ (rs) 7“—1—3
\/ s(r+s)

:f/ 3 6 B 3t
r+s  {frs(r+s)  Yrs(r+s)

O]

Next, we shall use Theorems 4.2.1 and 4.3.7 to obtain Theorem 4.3.9 to construct cosine

Ramanujan-type identities. An example of the construction is given in section 4.7.6.

Theorem 4.3.9. Let f(z) = x5 — 3rsx +rs(r+s) =0, where r,s € C are complezx conjugates with

r=2~&+mni and &, # 0. Define 6 = Arg(r). Then the cosine Ramanujan-type identities can be

obtained via the following:

A Gt D RS O o M G KL O]

o8

(4.35)

(4.37)



Proof. By Theorem 4.2.1, the three distinct roots of f(x) = 0 are

2T
3

Note that s = |r|? and 7 + s = 2¢. Using (4.26), the associated Ramanujan equation is

0:t3—3< s +3>t—6< s )—9
S/ (rs)?(r + s)? S/ (rs)?(r + s)?

rs rs
=349/ —— —1)t—9(-23 1)=0
- < (r+5)2 > < <r+s>2+>

Using (4.22), the discriminant of f(z) =0 is

D 1
C(’f) — (OECEDE (108(rs)3 — 27(1"3)2(1“ + 8)2)
1
= prRT (108|r|® — 108¢2|r|*)
27 27n?
= (=€) ="~

Next, taking the square root allows us to substitute into (4.21). Hence,

4-0i()

C

By (4.21) in Theorem 4.3.7, the real root ¢ is

B ) -y e

Then, by Theorem 4.3.7,

0 0 27 0 Arm
ol —2 — ) -+ — ) -+ —
\/ ’T|cos<3>—|—\/ |1"|cos<3+ 3>+\/ |r|cos(3~|— 3>

T

99
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a = —24/rscos (g) , 3= —2+/rscos (g—l—) , Y = —24/r5 cos <§—|—3
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Thus,

0 0 2 0 4 2 t
{’/cos<3)+§/cos<3+;)—i—{’/cos(g—i-;)—gyrﬁ 3—1—%.
On the other hand,

1 1
+

o/ —2|r| cos (&) \/ 2|r| cos ( % %) <’/—2|7“]cos(§+%”)

= e U S 4 S /ATIE e

Thus,

1 1
+

Yeos (8)  {feos (§+ \/r \[\/ ’

|+ 2/4€2|r| + t/4€2|r].

O

Lemma 4.3.1. Let f(z) = 2° + Az? + Bz +C =0, where A,B,C € R, A*> # 3B, and C # 0. Let

its depressed cubic form be x> — 3rsx + rs(r + s) = 0. Denote D(f) as the discriminant of f(x).
(a) If D(f) > 0, then r and s are complex conjugates.
(b) If D(f) =0, then r = s is a real number.
(¢c) If D(f) <0, then r and s are distinct real numbers.

A
Proof. By substituting z =y — 3 into f(x), we get

A\3 A\? A
= Aly—= Bly—= =
(v-5) #a(v-3) +8(i-5)+c=0

which simplifies to the depressed cubic

y° — % (A*-3B)y + ﬁ (24° —9AB +27C) = 0. (4.39)
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Using the result from Theorem 4.2.1, we have

1
—3rs = —g(A2 —3B),

rs(r+s) = 2—17 (2A3 —9AB +27C).

Hence,

e A% - 3B
—
(24% — 9AB + 27C)
TS A2 - 3B)

2A% —9AB + 27C A? - 3B
Then r and s are roots of the quadratic equation h(z) = 22 — ( 3(A2 — 3B) )z + 9 3 .

The discriminant of this quadratic equation is

(243 —9AB +27C)*  4(A? - 3B)

bn) = 9(A2-3B)?2 9
1 3 2 2 3
= M (4A° — 36A"B + 108A%C + 81A4°B* — 486 ABC + 729C*)
- M (A® —9A'B + 27A’B* — 27B%)
— _ 27 2p2 3 3 o 2y 3D(f)
= 54z _3B)? (A°B® — 4(A°C + B%) + 18ABC — 27C%) = (A2 3B

where D(f) is the discriminant of f(z). Therefore, if D(f) > 0, then D(h) < 0. Hence, if the
discriminant of f(z) is positive, i.e., it has three distinct real roots, then r and s are complex
conjugates.

Similarly, if D(f) = 0, then D(h) = 0. Hence, if the discriminant of f(x) is zero, then r = s is

a real number. If D(f) < 0, then D(h) > 0. Hence, if the discriminant of f(x) is negative, then r

and s are distinct real numbers. O
A3
Remark 4.3.1. If A> = 3B, then (4.39) becomes y° — o7 +C = 0. The roots of this cubic equation
1 -1 3
are oy, = 3 VA3 — 27C, By = way, and vy, = w2ay, where w = —;\f Hence, the roots for f(x)
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1 A A 2 A
area:§\3/A3—27C—§,B:§3 A3—27C—§, andvz%\s/A?’—Z?C——.

3

Given a general cubic equation, Lemma 4.3.1 gives the condition of when r ands are complex
conjugates. Corollary 4.3.10 uses Theorem 4.3.9 to construct cosine Ramanujan-type identity given
a particular form of cubic equation.

2_9 AS
3 x+2—7—A—|—2C' where A € R and C € (—1,1).

Then the discriminant of f(x), D(f), is greater than 0. Moreover, let the distinct roots of f(x) =0

Corollary 4.3.10. Let f(x) = 2° + Az? +

be a, B, and . Then the cosine Ramanujan-type identities are

[ A A A f
3a+3+{’/,8+3+§/7+3=—§/6x3/f+3tv320, (4.40)

and

! + L \/3+6\/4C2+3t\/402 (4.41)

s M

where

(20 yE) e () Ja(oyE) wa(he)

2 _ A3
3 9x+2—7—A+2C’—0 with A € R and C € (—1,1). The

Proof. Let f(z) = 2z + Az® +

discriminant D(f) is

D(f) = A (AQS_ 9) —4 <A3 (’;1: - A+ 20) <A23_ 9)3)

2 _ 3 3 2
+18A<A 9) (A—A+20>—27<A—A+20>

3 27 27
=108(1 — C?),

which is greater than zero for C' € (—1,1).
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A
Next, by substituting z = y — 3 into f(x), we get

A3 A\? A2 —9 A A3

which simplifies to the depressed cubic

y® — 3y +2C = 0. (4.43)
Denote the roots of (4.43) as ay, By, and 7,. Next, using Theorem 4.3.9, we have

—3rs = —3,

rs(r+s) = 2C.
Then

rs=1,

r+s=2C.
Then r, s are roots of the quadratic equation
22 -202+1=0.

Using the quadratic formula,

r=C++vVC0C2-1=C+1iVv1-C?,
s=C —iy1—-C2.

To find the terms inside (4.37) in Theorem 4.3.9, we first find

C

D) _, 55 <\/1 —02>
— ]
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Then

[o( =) (57)[oli-fe) (%)

t =

By the result of Theorem 4.3.7, we have

Yoy + /By + Yy = —{’/6\3/20 + 3tv2C

and
1 1 1
-3+ 6407 + 3t¥/ac,
WT/ v/ By 6’/%
Finally,
i’/“+§+ W+§+ i/“?‘ {6330 + 390
and

L \/3+6\/4C+3t\/

{’/oz—i—é {’/ﬂ+ \/ + Ve

4.4 Ramanujan Cubic Polynomials
44.1 RCP

Shevelev [77] defined the Ramanujan cubic polynomials (RCP) as follows: Let A, B,C € R, C' #
0. The cubic polynomial f(z) = z® + Az? + Bz + C is RCP if it has three real roots and satisfies
the condition AV/C + B+ 3V C? = 0.

For the case of RCP, f(z) = 2® + Az? + Bz 4+ C = 0 has three distinct roots (Shevelev [77]).

We have the following theorem:

Theorem 4.4.1. Let f(z) =23+ Az + Bt +C =0, A,B,C € R, C #0, be an RCP. The root t
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AB
of its associated Ramanujan equation, 3 — ( - 9) =0, s

C
_ 345 _ 4.44
t o9 (4.44)
and
%+w+¢:§/_f1_6%+3m (4.45)

1 1
T v

V/9C2 — ABC. (4.46)

Proof. Let f(z) =23+ A2> + Bt +C =0, A,B,C € R, C # 0, and AVC + B+ 3V(C? = 0. From

Theorem 4.3.7, we have
D(f) = A’B? — 4 ((A\%)?’ + B3> +18ABC — 2702
— A2B%_4 (AS’FC n B) (A%‘”’/@ _ABVYC + BQ) +18ABC — 27C2
— A%B? ( 3W) (A2F ABVYC + 32) +18ABC — 27C?
= A?B2+12VC? (AVC? + B2) + 6ABC — 27C?
= A2B? 4 12¥/C? ((A\FJF B) - 2AB\%> + 6ABC — 2702
— A2B? 4 12¥/C2 (90% . 2AB%) +6ABC — 27C2

= (AB)* +81C?% — 18ABC = (AB — 9C)?> > 0

From the definition of RCP, AV/C + B + 3V C? = 0, we have

A

\FWB_O

Therefore, the associated Ramanujan equation of f(x) is
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Hence, the real root ¢ to the associated Ramanujan equation is

By Theorem 4.3.7,

Yo+ €/B+§*F:—§’/A+6€’fc+3t%
- {’/—A—6€’FC+3€/9C—AB,

and

RIS NS TR
Va VBT T

- ! {’/—B —6V/C2 +3v/9C2 — ABC.

\3/5

{’/B+6\/3 C2 + 3tV C?

Remark 4.4.1. Theorem 4.4.1 was proved by Shevelev [77] with a different proof.

Dresden et al. [22] investigated the following cubic equation:

s 3+B, 3-B

Corollary 4.4.2. Let f(x) =z 5% 5

x+1=0. Then f(z) is an RCP. Moreover,

the Ramanujan-type identities are

3+B 27 + B2
\?/&+€/E+€Fy=§/2—6+33 :

4
and
L+ 1 n 1 _33—B_6+33 27 + B2
Vo VBT AV 2 i
B - B
Proof. Substituting A = _3+T’ B = —BT, and C =1 in the result of Theorem 4.4.1 yields
the result of this corollary. O
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Remark 4.4.2. The results are proved differently in their paper.

4.4.2 RCP2

Similarly, Witula [95] defined the cubic polynomials of the form f(x) = 2® + Az* + Bx + C with
real roots and satisfying B> + A3C 4 27C? = 0 as Ramanujan cubic polynomials of the second kind
(RCP2). For the case of RCP2, we have the following result.

Theorem 4.4.3. Let f(x) =23+ A2 + Bt +C =0, A,B,C € R, C #0, be an RCP2. Then the

root t of the associated Ramanujan equation,

18

= i[5 (a090) (3 99%) 4 §f 2 (a0 ), e

and

Va+ B+ ="2 —A—6%—3<§/<A+3{75> <B+3W)+§/3%(A%+B)), (4.48)

Va VB A ¢ Jo Ve

L, 1,1 _y B 6 3 (y(/wm)(B+3w)+¢3w(/m+3)).
(4.49)

Proof. From the condition of RCP2, we have
B® 4+ A®C +27C* = 0.
From Theorem 4.3.7, we have

D(f) = A*B? — 4B® — 4A3C + 18ABC — 27C*

= A?B? + 4C(A3 +27C) — 4A3C + 18ABC — 27C>
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= A2B? + 18ABC + 81C%* = (AB+9C)? > 0

Then

Taking the square root allows us to substitute into (4.21):

D(f) AB
5 =5 o (4.50)

The associated Ramanujan equation of f(x) is

G- (e ) ) o

From (4.26), the real root ¢ to the associated Ramanujan equation is

o) 10 P oy o) 0 P

Computing the quantities under the cube roots give:

;(AB—FG(\;L \/li>+9+AB+9> ’?+9+3<; \/37>

- % (AB+9C+ (A\‘/CTMB{‘FC))

5<A+3f) (B+3W)

and

1 (AB A B AB 3 /.
2<C+6<%+302>+9—<C+9>>_302<A\FC+B).
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Denote the roots of f(z) by «, 3, and . By Theorem 4.3.7, we have

Va + x"’/BHﬁ:—f/fHG%”t%

_ il-A-G%—?;(i/(A—‘rl’»%) (B+3W)+§/3%<A€FC+B>>7

and

1 1 1 1 s . .
+—=+—==- B +6VC2? + 3tV (2
Vo VBT A \TC\/

= il—g—\f@—f’cz (i/(A—k?»\?’fC) (B+3€/@)+§/3%(A€FC+B)>.

Remark 4.4.3. The first identity was proved by Witula [95] but not the second identity.

4.5 Cubic Shevelev Sum

Shevelev [77] defined the sum,

3a+3ﬁ+i\3/7+3ﬁ+37+3a’
V B Y a Va Vg Vo
as the cubic Shevelev sum, where «, /3, and v are roots of a cubic equation f(x) = 23+ Az + Bz +

C=0.

Remark 4.5.1. Wang [90] investigated the following quantity similar to the cubic Shevelev sum

by showing that the discriminant of f(x) = 2 — ax® + bx — 1 =0, D(f), is

a B\ (B2, a))
<<B+7+a> <a+ﬁ+v>>’

where o, B, and 7y, with each not equal to zero, are roots of f(x) = 0.

Using Theorem 4.3.7, we have the following generalized cubic Shevelev sum.
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Theorem 4.5.1. Let f(x) = 2° + Az + Bx +C =0, A, B,C € R, A, B not both 0, C # 0. Let

f(z) have three distinct real Toots o, B, and vy, with o, 3, v # 0. Then

JO W8y {)ﬁ \ﬁ {’/E:

where t is shown in (4.21).

Proof. First note that

(va+ ¥3+9) (g5 75+ 35)

Y L Y N Y V0 R Y ]
_\fﬁ+\ﬂ+\/;+\/;+\£+\ﬁ+3. (4.52)

On the other hand, using (4.23) and (4.24), we have

(505 )

= <—§/A+6€FC+3t\3FC> (—i/g—i- \36@+ \%t)
3

:\3/(A+6%+3t%) <g+ 6

Simplifying the expression under the cube root, we have

(4+6YC+319C) <B+36C+\3%t>:<\% ><%+6+3t)

AB A A B
= + 36 + 18t + 3——t + 18t + 9¢*
e et F Ko
AB 6 3 3 9
o +ﬁ<A\/ +B> \/@(A\/C+B>t+9t.
Recall the associated Ramanujan equation t® + pt + ¢ = 0, where p = —3 ( — — > nd
AB A
q=— +6 < ) ) Then we have
< o e

: B 6 3
(4+6VC +317/C) <C+%+ 30t>
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= —q 27— pt+ 27Tt + 9% = 3 4 912 + 27t + 27 = (t + 3)>.

Hence,

(Va+/B+7) <%+€}B+;ﬁ>=m=t+3- (4.53)

Comparing (4.52) and (4.53) gives
s gl a & 8 gl

Applying Theorem 4.5.1, we have the following three corollaries.

Corollary 4.5.2. (Shevelev [77]). If f(z) is an RCP, then the cubic Shevelev sum is

5/ 36 3/ s/ B 5/ 3g_3A7B_
\/;+\ﬂ+\/;+\/;+\/;+\ﬁ—\/c 9. (4.54)

Proof. Let f(z) = 2® + Az? + Bz + C = 0 be a cubic equation satisfying Theorem 4.4.1. Then
|AB
t=1 o 9. From Theorem 4.5.1, the cubic Shevelev sum is

30& 36 3’7 3¢/B S’Y (6% 3IAB

Remark 4.5.2. This result was originally due to Shevelev [77], where he provided a different proof.

Corollary 4.5.3. (Wituta [95]). If f(z) is an RC'P2, then the cubic Shevelev sum is

i/ng §/§+ iﬁﬁ §/§+ §/Z+ {/5:\/é (A+3<75) (B+33/@)+§/3?(’12 (A%FC+B).

(4.55)

Proof. Let f(x) = 23 + Az? + Bz + C = 0 be a cubic equation satisfying Theorem 4.4.3. Then t =
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O 3

sum is

sasﬂﬂi/?iﬁi/a:
\/;+\/;+\/;+a+5—|—7t

:i/é (a+3¥C) (B+3€’@)+§/

1
i’/ (A + 3\3FC’> (B + 3@) + i/ 302 (A%—i— B). From Theorem 4.5.1, the cubic Shevelev

3

32 <A\3@+B).

Remark 4.5.3. This result was due to Witula [95] in which he provided a different proof.

Corollary 4.5.4. Let f(x) = 3 — 3rsxz +rs(r 4+ s) = 0 as described in Theorem 4.3.9. Then the

cubic Shevelev sum is

_ . (4.56)
[2(-8)+25(0) {o0-y3) -2 (1)
Proof. From Theorem 4.3.9, t = > + 5 . From
Theorem 4.5.1, the cubic Shevelev sum is
3g+3é+31+3§+31+3g:t
B Y o o B\
[2(- ) - (0), (- )-way
- 2 * 2 '
O

4.6 Computation Procedure
4.6.1 Typel & 2

In this section, two computation procedure are given. The first computation procedure is based

on Wang’s approach to finding the root of the associated Ramanujan equation ¢ + pt + ¢ = 0. The
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second computation procedure is our approach. Again, denote f(x) = 3 — az® + bz — 1.

1: Find the roots of a cubic equation f(z)=0: «, 3,7
2: Ay« a/p

3: Ay < By

4: A3+ v/«

5 B+ A1+ As + Ag

6: C <« 1/A1 +1/Ar+1/A3

7. D+ (B —C)?

8 t VD

9: return ¢

Given a cubic equation, Wang’s computation procedure requires finding the roots of f(z) =0

. (6% . .
first. In the next three steps, we compute the ratios —, é, 1, and their reciprocals. We sum these
g

Q@
and compute the square of the difference. Taking the square root of this result will give the real

root t.

1: A< ab+6(a+b)+9

2: B < (ab)? — 4(a® 4 b) + 18ab — 27
3 C«+ VB

4 D+ (A+0C)/2

5 B+ (A—C)/2

6: t+ VD + VE

7: return ¢

In our approach, we need only the coefficients a and b to compute the only real root t. Note that
in the first step, ab+6(a+b) 49 is the negative of the constant term ¢ of the associated Ramanujan
equation. To obtain Ramanujan-type identities, we also need to find the roots of f(z) = 0 by using
Vieta’s formula. We will demonstrate the application of our computation procedure in the next

section.
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4.6.2 General Case

In this section, two computation procedures are given. The first is based on Theorems 4.2.1
and 4.3.7. This is to construct a Ramanujan-type identity given a general cubic equation f(x) =
23+ Az? + Bt +C =0, with A,B,C € R,C # 0.

Computation procedure 1:

A? - 3B
1. M+ —

243 —9AB 4+ 27C
3(A%2 - 3B)
3: Find the roots z1, zo of 22— Nz+M=0

2: N +

4: 0 < Arg(z1)
5. ¢— —2V M cose

6: B« 2\ﬁcos?<§+ )
(

0 dn)
3

8 ¢ ¢ \/02 (AB)? — 4(A3C + B3) + 18ABC — 27C?)

W\Ihw\:m

9: p 4 < >
7o " Vo
e ? p+q+ 3/P—(
2
11: G1<——(A+6\3f0—|—3t\3f0)

12: Gy —% (B +6V02 4 3tVC 2)

1
13: Return the Ramanujan-type identities /o + \[—F ¥y = v/G1 and \/» \f \f = v/Go.

Given a cubic equation, we first find the roots with the first 7 steps. Steps 11 — 12 give the

10:

right hand sides of (4.23) and (4.24), respectively. Finally, step 13 returns the Ramanujan-type
identities.

The second computation procedure gives the approach based on Theorem 4.3.9 for constructing
a cosine Ramanujan-type identity. Given a complex number, we can the cubic equation and the
Ramanujan-type identities.

Computation procedure 2:

1: Determine the cubic equation z° — 3rsz + rs(r + s) = 0.

2: (4 COS b
' 3
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w
®
/[\
@)
[}
w0
N

3

o Gy () (Il + 292+ 03/387)

§

1
10: Return the cosine Ramanujan-type identities /o 4 {”/B + v = v/G; and =t

Vv Ga.

4.7 Examples

4.7.1 Typel

Example 4.7.1. (Wang [90]). Let f(z) = 2> — V/92 — 1 = 0. Denote a = 0 and b = —V/9. The

associated Ramanujan equation is t34+pt+q=0, where p=23v9—9 and g = 6v/9 — 9. Following

Ja

the steps in Algorithm 4.6.1, then

Next,

and

ab+6(a+b)+9=A=—6V9+9.

A% = B = (ab)? — 4(a® + b*) + 18ab — 27 = —4(—9) — 27 =9

= A=C(C=3,
1 1 ; 3
D:§(A+C’):§(—6\/§+9+3) = —3Y9+6,
E:%(A_c):%(—6€’/§+9—3) = —3v9+3.
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Hence,

=YD+ VE =630+ /330,

2
The roots of the cubic equation x° — V/9x — 1 = 0, proved in Wang [90], are o = —% sing,
2 2 2 14
8= f%sing, and v = f%sinTﬂ. Then by Theorem 4.1.1,
2 14 By
#sin = 4+ ¢/sin - 4 i’/sinﬂz— Sol6 13 (V63304 i/3-3%).
9 9 9 2
1 1 1 2 :
+ + = - §/—€/§+6+3(§/6—3€/§+€’/3—3\3/§>.
\/sin g sin 2% {’/sinMT7r V3

Example 4.7.2. (Wang [90]). Let f(z) = 2® + 3V32% — V92 — 1 = 0. Denote a = —3V/3 and
b= —vV/9. The associated Ramanujan equation is t> + pt + q = 0, where p = 3 (3\3/§+ V9 — 3)
and ¢ = — (18 —6 (3\3/§+ \?’/§)> Following the steps in Algorithm 4.6.1, then

ab+6(a+b)+9=A=—-3V3(-V0) +6(-3V3- V9) +9
=186 (3V3+ V9).

Next,

A% = B = (ab)? — 4(a® + b%) + 18ab — 27 = 81 + 4(81 4+ 9) + 162 — 27 = 576

= A=(C=24,

and

D:E(A+C):%(18—6<3\7§+\3@)+24>:21—3(3\?/§+\?7§),
E= (A—C):%(18—6<3\3/§+\3/§)—24)2—3—3(3\3/3+€/§>.
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Hence,

b= YD+ VE = ;/21_3(3%+ %)+§/_3_3(3e/§+ ).

1 1 4
The roots of x3+3vV/3x2—/9x—1 = 0, proved in Wang [90], are o = 7 tan g, 8= 7 tan Eﬂ,

1 7
and v = ——~= tan—w. Then, by Theorem 4.1.1,

73

N tanz%— i/taném+ {’/tanh
9 9 9

:(—1\8/3) i3€’/§+6+3<§/213(3€/§+€/§)§/3+3(3\3/§+€/§)> ,

1 1 1
+ +
f/tan% {’/tan%r {’/tan%r

_ (—%) j%+6+3<§/213(33/§+3/§)§/3+3(3€/§+3/§)>

Example 4.7.3. (Wang [90]). Let f(z) = 2° + V72> —1 = 0. Denote a = —V/7 and b = 0.
The associated Ramanujan equation is t3+pt+q =0, where p = 3 (\Bﬁ - 3) and ¢ = 6V/7 —9.

Following the steps in Algorithm 4.6.1, then
ab+6(a+b)+9=A=—6V7+9,
Neaxt,
A% = B = (ab)? —4(a® + b*) +18ab — 27 = —4(-7) —27=1 = A=C=1.

and

D:%(A+c):%(—6{‘f7+9+l) = —3V7+5,
E:%(A—C’):%(—6\?ﬁ+9—l) = —3V7+4.
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Hence,

=YD+ VE= 5397+ /137

. 2 2 2 4
The roots of x° 4+ /72> —1 =0, proved in Wang [90], are o = 7 sin 77T, 8= 7 sin 77r7 and
2 8
v = 7% sin 77T Then, by Theorem 4.1.1,

i’/sinz;rJr i’/sinzl;“r f/siHS;
- <_ §/674> (i’/—%+6+3<{’/5—3€f7+ {’/4—3<’ﬁ>>,

1 1 1
+ +

YsinZ Ysindr fsine
—<_1§/?> <i’/6+3<{’/5—3\3f7+</4—3\3ﬁ>>.

Example 4.7.4. (Wang [90]). Let f(z) = 2% — V/72® — V492 — 1 = 0. Denote a = /7 and

b= —+/49. The associated Ramanujan equation is t> + pt +q = 0, where p = —3 ({Q’f — /49 + 3>
and g = 637 — 6v/49 + 2. Following the steps in Algorithm 4.6.1, then

ab+6(a+b)+9:A:€’f7(—€‘/T9)+6(3f—3/@)+9:2+6(€ﬁ—€/4§).
Next,

A% = B = (ab)? — 4(a® + b*) + 18ab — 27 = 49 — 4(7 — 49) — 126 — 27 = 64

— A=(C=8,

and

D:%(A+C):%(2+6(€’f— V19) +8) =5+3 (V7 - V19),
E:%(A—C):%(HG(%— Vi9) - 8) = -3+ 3 (V7 - V19).
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Hence,

t:€’/5+€’/§:{’/5+3(€’f7—x3/4f9)+§/3(€f7—3/f9>—3.

79



1 2
The roots of 2> — ¥/7x* — V/49x — 1 = 0, proved in Wang [90], are a@ = —% tan 77T, 8 =
1
—% tan 77T, and v = —% tan = Then, by Theorem 4.1.1,

\3/‘5 27 n \3/‘5 47 n iv/t 8
an — an — an —
7 7 7

= (v7) i‘/—%+6+3<{’/3\3ﬁ—33/éf9+5+ 6/3%—33/43—3>,

1 1 1
+ +
i/tan%” \3/tan477r :\a/tang%r

_ <_1\81ﬁ> i‘/—%+6+3({’/3%—3%+5+ {’/3%—3%?9—3).

The following cubic equations are selected from Wang’s preprint Wang [89]. In his preprint, no
Ramanujan-type identities and proof of roots were given. The proof of the roots are given in the

Appendix. The authors complete the Ramanujan-type identities in the following examples.

Example 4.7.5. (Wang [89]). Let f(z) = 23 + 42® 4+ 3z — 1 = 0. Denote a = —4 and b= 3. The
associated Ramanujan equation is t> + pt +q = 0, where p = —6 and ¢ = 9. Following the steps in

Algorithm 4.6.1, then
ab+6(a+0)+9=A=-4(3)+6(—4+3)+9=-09.
Next,
A? =B = (ab)* —4(a® +b*) +18ab—27T=49 — A=C=T.
and

1 1
D=3(A+C)=5(-9+7) =1,

1 1
E= (A-0)=3(-9-7) =8
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Then

t=VD+VE=1=1+Y-8=—

2

The roots of x> + 422 + 3z — 1 = 0, proved in the Appendiz, are o = —\% sin® (;),

8 .. 3 47T> 8 .3 (87T>

=——gin’( — |, and y = ———=sin’ | — |. Then, by Theorem /j.1.1,
p 7 < 7 gl 7 7 (] 4
8 27 8 47r 8
¢/ —— sin® ()—i— ——sin? ¢ sm > =+v—-4+6+3(-3
2 4
= sin <77T> + sin <77r> + sin <877r> = \f (4.57)

= /34 6+3(-3)

- )
— oo <27”> +ese (47”) +ose (8;T> ~0. (4.58)

Example 4.7.6. (Wang [89]). Let f(z) = 23 + 42® + 3z — 1 = 0. Denote a = —4 and b = 3. The

associated Ramanujan equation is t° + pt + ¢ = 0, where p = —6 and ¢ = 9. From the previous
exzample, we have t = —3. The roots of x> + 4x® + 3z — 1 = 0, proved in the Appendiz, are
21 4 8w
cos cos (= oS
o= (47”) = (87), and v = (27). Then, by Theorem 4.1.1,
cos ( 2 ) cos (7”) CoS (7”)
3/ COS (27”) 3/ COS (47%) 3/ COS (877r) _ _\3/>
iy T 8ry T 5 = — VT, (4.59)
cos (7) cos (7) cos (7)

E 8 2
{)/cos(;ﬁ) . i/cos(;r) . \3/(:08(87”) o (4.60)
cos (%) cos (3F) cos (5F)
Example 4.7.7. (Wang [89]). Let f(z) = 2 +462® + 3z — 1 = 0. Denote a = —46 and b = 3.

The associated Ramanujan equation is 34+ pt+q =0, where p = 120 and q = 387. Following the
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steps in Algorithm 4.6.1, then

ab+ 6(a+b)+9=A=—46(3) + 6(—46 + 3) + 9 = —387.

Next,
A% = B = (ab)* — 4(a® + b®) + 18ab — 27 = 405769 — A = C = 637,
and
1 1
D = 5(A+C) = (387 +637) = 125,
1 1
B =_(A-C)=5(-387 - 637) = —512.
Hence,

t=+vD+VE =125+ J/—512 = —3.

7 ( sin (2—”) ’
The roots of x> + 462% + 3z — 1 = 0, proved in the Appendiz, are o = — (2 < Z,r))) ’
T

97 (sin (%) \) U7 ((sin(3) )
B=— (2 (M)) ,and v = — (2 (s:ﬁ((gf)))) . Then by Theorem 4.1.1,

EER) A ER) G ER)

= /46 46+ 3(-3)

in (%) | sin() sin()
= wr () e w0 (461
1 1 1

82



(4.62)

Example 4.7.8. (Wang [89]). Let f(z) = 2° — 32> — 46z — 1 = 0. Denote a = 3 and b = —46.

The associated Ramanujan equation is t> + pt + ¢ = 0, where p = 120 and q = 387. From the last

example,
t=-3.

4 (21
cos™ (&£
The roots of 3 — 32 — 462 — 1 = 0, proved in the Appendiz, are o = 23 <(7)> ,

4 (4m 4 (8m
g =23 (COS(&Z)> ,and vy = 23 (COS(QZ)) Then by Theorem 4.1.1,
oS (7)

,[cos* () i/COS“ (%) §/0054(87”) _0 1.63
COS (47r) + cos (871‘) + cos(2”) ’ (4.63)

- 5 x .
1 1 1 = /=46 + 6 + 3(—3)
FER) FER FER)
cos (4 .| cos 8m [ cos 7 3
o C°S4(<%)) ’ \/Cos‘*((z;f)) ’ \/COS4(<57T)) - (4.64)

Example 4.7.9. (Wang [89]). Let f(z) = 2 + 1862 + 32 — 1 = 0. Denote a = —186 and b = 3.
The associated Ramanujan equation is 3+ pt+q =0, where p = 540 and q = 1647. Following the
steps in Algorithm 4.6.1, then

ab+6(a+b)+9=A=—-186(3) +6(—186 + 3) + 9 = —1647.

Neaxt,

A% = B = (ab)? — 4(a® + b%) + 18ab — 27 = 26040609 —> A = C' = 5103.
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and

1 1
D= (A+C) = 5(~1647 + 5103) = 1728,

1 1
E = 3(A~0) = 5(~1647 — 5103) = 3375.

Hence,
t=vD+VE=+1728 + V3375 =12 — 15 = —3.
J7 [ sin (2—”) ’
The roots of x® 4+ 18622 + 3z — 1 = 0, proved in the Appendiz, are o = (4 (%)) ,
sin® (35
7

Y7 [ sin (A& ’ V7 ( sin (8 ’
8= (4 (smS((g;r))>> ,and vy = (4 (sm?’((;?’r)))) . Then by Theorem 4.1.1,

() A () - ()

= ((Qf;)) 3 ((2;)) o ((85?) =-13 (4.65)
1 n 1 N 1
3 sin( 22 3 3 sin(4x 3 3 sin( 8% 3
V (7 (55)) \/ (7 (&5)) \/ (7 (&5))
= {/3+6+3(-3)
= S ) ) " (409

Example 4.7.10. (Wang [89]). Let f(x) = 2® — 32> — 1862 —1 = 0. Denote a = 3 and b = —186.
The associated Ramanujan equation is 3+ pt+q =0, where p = 540 and q = 1647. From the last
example

t=-3.

2
33?1860 — 1 — ‘ ‘ _ (e ()
The roots of x 3x 186z — 1 = 0, proved in the Appendix, are o = 2 ,
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oo

cos? (%)

5 (4m 5 (8m
g=23 (W) s and v = 23 (W) Then by Theorem 4.1.1,
cos® (5F

cos? (7 cos? (7 cos? =
sjcos® (31) - Jeos® (3F) [cos® (5F)
=0 4.67
= ¢ cos? () " Voo () T Vo (1) ~ (467
! - ! + L = {/—186 + 6 + 3(—3)

- §/COS2 EZ% = —6V7. (4.68)

Example 4.7.11. (Wang [89]). Let f(z) = 2® — 32® — 15888642 — 1 = 0. Denote a = 3 and
b = —1588864. The associated Ramanujan equation is t> + pt + q = 0, where p = 4766574 and

q = 14299359. Following the steps in Algorithm 4.6.1, then
ab+6(a+b)+9=A=3(—1588864) + 6(a — 1588864) + 9 = —14299359.
Neaxt,

A% = B = (ab)? — 4(a® + b®) + 18ab — 27 = 16044300277913161849

= A = C = 4005533707,

and

1 1
D = (A+C) = (14299359 + 4005533707) = 1995617174,

1 1
E = 3 (A~ 0) = 5(~14209350 — 4005533707) = ~2009916533.
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Then

t =D+ VE = V1995617174 + v/—2009916533 = —3.

2
3 g2 - ~ ~ _ g (st (F)
The roots of x 3x 1588864 — 1 = 0, proved in the Appendiz, are o = 2 ,

cos? (%)
cos' (4—”) cos' (8—”)
g=2° 78777 ,and v =2° 727 . Then by Theorem 4.1.1,

cos® (3F) cos® (¥2) cos® (%)
) et CE) et (F) (4.69)
cos® () cos® (%) cos® (F)
1 1 1 s
n i = /—1588864 + 6 + 3(—3)
o0 (<HCE)Y  afgn (<R oy (s(F)
cos® (47”) cos® 8777 ) cos® ( 2777)
s cos® (4F) L cos® (1) L cos® (%) — 4887 (4.70)
cosl4 (2%) cosl4 (47”) cost (87”) . '

4.7.2 Type 2
In this section, we give examples on the cubic equation 23 — ax® + bz — 1 = 0 with the condition

a+b+ 3 = 0. This condition has been heavily studied in literature, such as Shevelev [77], Dresden
et al. [22], Berndt and Bhargava [7].

Example 4.7.12. Let f(z) = 23 + 2? — 2z — 1 = 0. Denote a = —1 and b = —2. The associated

Ramanujan equation is t> +7 = 0. Hence, t = —/7. The roots of x> + 22 — 2z —1 = 0 are
2 4 8

a = 2cos 77T, B = 2cos 77T, and v = 200377r (Liao et al. [50]). By Theorem 4.1.1, we have the

following Ramanujan-type identities:
2 4 8 /
i’/2cos77T + §/2cos77r+ €/2COS77[- =\/-14+6-3%7

, 2 , 4 f 8 |5 — 337
= cos;+</cos77r+</cos;: 32\[,
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and

1
=\/—-2+6—3V7
\/2(:05 \/2 cos & 3/2 cos 87”

1

{/cos <& 2” \/ cos =& 4” \/ cos 87”

Example 4.7.13. Let f(x) = x3+§x2 §37—1 = 0. Denotea = —g and b = —%, i.e., a+b+3 =0.

By Corollary 4.3.3, t = { 9_ 9= fi.

i

1
Using rational roots theorem, the roots of f(x) =0 are a = =2 ,0 = —3 and v =1. Thus,

F+\/—>+f %
:>f—f—1—,3/9—ﬁ

3 1 2
Example 4.7.14. Let f(z) = z° — i + 3= 0. It is known that the roots are o = cos g,
4 8 1
B = cos g, and vy = cos g (Liao et al. [50]). Apply the transformation x = —3Y; then we obtain

— /8 — 67

1, 31 1 5
P AR R 0 = g(y) =y’ -3y 0

Denote a =0 and b= —3, i.e., a+ b+ 3 =0. Then by Corollary 4.3.3, we have t = v/—9. Using

2 4 8
the transformation, the roots of g(y) =0 are y = —2 cos g, —2cos ?W, and —2 cos g Thus,

2 4 8 )
</_2COS$;T+§/_2COS;+§/_QCOS;: \3/6—3\3/§

2 4 8 /6 —3V/9
= Scos;+<’/cos;+§’/cosg:—3 Q\f,

and
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4.7.3 RCP

The following cubic equation is from Witula [95]:

Example 4.7.15. Let f(z) = 23 4+ 722 — 98z — 343 = 0. Denote A= —7, B = —98, and C = 343.
2m 4 8

The roots of x>+ 722 —98x — 343 = 0 are a = 14 cos —, = 14 cos ;T, and v = 14 cos 77T (Wituta

[95]). Note that f(x) is an RCP. Using (4.22),

D(f) _ (7'98_9)2:@_9)2.

C? 343
Then
D(f)
=T.
C
Next, by (4.44),
t=—VT.

Thus, by (4.45),

2 4 8 /
§/14cos7ﬂ+ <’/14cos77r+ §/14c0s7ﬂ:3435 \ —1+6—3V7,

which simplifies to

\/52774—\3/005“4—\/605%—35_3%
o8 7 7 2

1 1 1
= —_\/—-2+6-397,

\/14 cos 2L \/14 cos 4x 3/14 cos 87” 3439

y (4.46),
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which simplifies to

5 00527” L 00547” L (:03277r L (:03877r L (:05477r L cos%’r
cos 47” cos 27” cos 87” cos 27” 8m s
3 1
Example 4.7.16. (Shevelev [77]). Let f(z) = 2°
2

(4.71)

_zx-i-fzo DenOtGAZO, B:_§; and

8
C= 3 It is known that the roots are a = cos 9 B = cos g, and v = cos —. Note that f(x) is

an RCP. Using (4.44),

The Ramanujan-type identities are obtained by using (4.45) and (4.46):

2 4 8 :
\3/—2COSS;T+€/—QCOSJ+§/—2COS7T: \ 6—3\3/5,

9

which simplifies to

i/ o i/ A7 C/ 87 316 — 3¢9
COS— + 4/CO0S — + {/COS — = — | ———
9 9 9 2

On the other hand,

which simplifies to

1 1 1
+ + = —/6 — 6.
{’/cos%r {’/cos%r N cos%’r
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By (4.54), the cubic Shevelev sum is

cos 2& cos 4r cos 2& cos &x cos &r [cos 8
9 9 9 9 9 3 9 _ _ ¥y
47r+ 27r+ 87r+ 27r+ 87r+ i T '
cos cos cos g cos cos g Ccos g

Example 4.7.17. Let f(z) = 2> +2% — (3n?+n)z+n> = 0, n € N. Denote A =1, B = —(3n*+n),

and C' = n3. Note that this is an RCP. By Theorem 4.4.1, we have

9C — AB =93 +3n® + n =n(9n? + 3n +1).

Denote the roots of f(x) as o, 3, and vy, then by (4.23),

Yo+ \3/B+€f:<’/—<A+6€’FC)+3\3/9C——M

= i’/—(6n+ 1) +3/n(9n2 + 3n + 1).

Then with (4.24),

V9C2 — ABC

TR AR R )
:%\/3n2+n—6n2+3\3/n4(9n2+3n+1)

+3n+1).

=75V

Since it is an RCP, using (4.54), the cubic Shevelev sum is

o i 5 5P

4.7.4 RCP2
In this part, we give an example on Ramanujan cubic polynomials of the second kind.

3 3
Example 4.7.18. Let f(z) = 2% — —a® — —x + 1 = 0. Denote A = —

V2o V2

B = —i, and

’ V2

e
[N}
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C =1. To show that it is an RCP2:

2 2
A3C+BS+27C’2:—?7—?7+27:0.

By using the rational roots theorem, we have « = —1 as a root of f(x) = 0. Dividing f(z) by x+1,

we obtain
922 — <2+3€/1)m+2=0.

The remaining two roots are

<2+3%+2+4€’f—<ﬂ>:1+ + V2,

1
2
7:i<2+3\3/41—\/<2+33/1>2—16) :%<2+3%—2—4€f2+€/1):3/1—\7§.

il M

5:i<2+3€’/1+\/<2+3€’/1)2—16> _

Since it is an RCP2, by (4.47), the root t of the associated Ramanujan is

C

)G )

= <3—%>2—€/§{’/1.

tzi”/l (a+3VC) (B+3W)+</3302 (a¥C+B)

By (4.48), the first Ramanujan-type identity is

3 1 3 3/ 3 3/ 3 3 3 3 2 3/0 9
71+,/1+%+\f2+ Vi-V2=— —3—\@+6+3 (3%) —Vov4al. (472

By (4.49), the second Ramanugjan-type identity is

L L J 3 (0 3\ s
_1+§’/Hé§—+\3’/§+m__ —w+6+3 <3 %> VOv4 |, (4.73)
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A byproduct from this example is

. 1 3 1 1
P14+ =+ 2+ Vi-V2= + - :
V2 P+ g5+V2 VVA-V2

The cubic Shevelev sum is

1 [ 1
— = = 1+ =+ V2 +
|1+ 35+ V2 V2

4.7.5 General Case

In this part, we discuss the cubic equations that are neither an RCP nor RCP2.

Example 4.7.19. Let a =1, =8, and v =27. Then
A=a++v=36, af + By +ya =8+ 216 + 27 = 251, afy = 216.
The cubic equation with these roots is
f(z) = 23 — 362% + 2512 — 216 = 0.
Denote A = —36, B =251, and C = —216. It is not an RCP since
AVC + B +3VC? =36-6+ 251 4 36 = 503 # 0.
It neither an RCP2 since

A3C + B? +27C? =363 - 216 + 2513 + 27 - 2162 #£ 0.
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The associated Ramanujan equation of f(x) is

3 -3 iJri+3 t— A—B+6 4 + B +9)=0
N{elvlor] C Vo ez o

Now,
A B 251 575
_3<€’FC+ 302+3) _—3<6+36+3) =1
AB A B 251 251 386
| —=46l-—F=+-—=|+9)=—(—4+6|6+—)+9)|=——.
(Fro(Fram) o) = (Frolo+55) +o) -5
Then the associated Ramanujan equation is t> — 51—72515 — 13)6 =0.
By (4.22),
D(f) 1 2 3 3 2
02 :@((36-251) —4(36°-216 4 251%) + 18- 36 - 251 - 216 — 27 - 216°)
Hence

D(f) 1729
C 108"

By (4.21), the real root t is

3386+11702§+33§6—1170289_§,/15625 i,,/12167_25+23_8
2 2 - 216 216 6 6

Hence by (4.23),

Vi+V8+V2T=1+2=3=6,

—v/—36—6-6—3-6-8=6.

On the other hand, by (4.24),




1 11
GV251+6-36+3-8-36= .
By (4.51), the cubic Shevelev sum is

s/1 i/@ i/T L[27 i/ﬁ i/? 1 1 3 2
- 2 =+ il S T R iy
\/;Jr U T Tt s =gttt =8

Recall that t = 8. Thus, the cubic Shevelev sum formula holds.

Example 4.7.20. Let f(z) = ° — 322 — 62 + 18 = 0. Denote A = —3, B= —6, and C = 18. It

is not an RCP since
AVC + B+3VC? = —3/18 — 6+ 3V182 £ 0.
It is neither an RCP2 since
A3C + B? +27C% = —27(18) — 216 + 27(18%) = 8046 # 0.
To find the roots, a, B, and v, of f(z), we first depress it by substituting x = y + 1 to obtain
g9y) =y® =9y +10=0.

The roots of g(y) are ay = 2, B, = —14+ V6, and v, = —1 — V6. Then the roots of f(x) are a = 3,
B =6, and v = —v6. Then the Ramanujan-type identities are

Va5 = Vi Vo (Vi = 15

and
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The associated Ramanujan equation of f(x) is

3 -3 iJri+3 t— A—B+6 4 + B +9)=0
N{elvlor] C Vo ez o

Now,

A B -3 —6 {,F \5/3
<€FC+3C2+> (318+3182+ ( 3 V2)]
AB A B NP €/§
| —=+6 =+ = 9)=—[104+6{—1/z— /= .
(& (5t ve) ) ( ’ ( 3 2>>
Then the associated Ramanujan equation is

t3—3(3+ K)t — (6K 4+ 10) = 0,

2 .
where K = —i/; - i/g By (4.22), the discriminant is

D(f) 1
c? 182

(936 — 4(—27(18) — 216) + 18(—3)(—6)(18) — 27(18?)) = %

By (4.21), the only real root t is

IS TR DR [T G R R

We can simplify this quantity by manipulating the associated Ramanujan equation

0=1t>—3(3+ K)t — (6K + 10)
=3 — (3K 4+ 9)t — 2(3K +5)
=13 — (3K +5)t — 4t — 2(3K +5)
= (3 —4t) — (t +2)(3K +5)
=t(t? —4) — (t +2)(3K + 5)

=t(t+2)(t—2) — (t+2)(3K +5)
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= (t+2)[t(t —2) — 3K +5].

So t = —2 is the real root. Since by Theorem 4.53.7, there is only one real root t, we can conclude

that

2 + 2 -~

Thus, the Ramanujan-type identities are

{*/&Jr'{’/B+V=—€/A+6\%+3t€’f=—{’/—3+6€’/ﬁ—6€’/fz5/5

and

3

1 1 1 1 3 3 3 1 3 3 3
b —=——\/B+6VC2+3tVC? = —— —64 6182 — 6V182 =
Vo VBT ol il

&=

Example 4.7.21. (Liao et al. [50]). Let f(z) = 2> — 48z — 64v/2 = 0. Denote A =0, B = —48,
and C' = —64v/2. It is not an RCP since

AVC + B +3VC2? = —48 + 48V/2 # 0.
It is also not an RCP2 since
A3C + B? +27C% = —483 + 27642 -2 £ 0.
The associated Ramanujan equation of f(x) is

9 18

By (4.22),

(—4-(—48)> —27-2-64%) = 27.
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Hence,

By (4.21), the real root t is

184—3\[ 3 7_3\/ 33
t= \/ \/><\/3—\[+f+ 7 \/§>

From Liao et al. [50], the roots of f(x) =0 are:

a=—4v2, f=2V2+2V6, v =2v2 - 2V6.

By (4.23), the first Ramanujan-type identity is

{/—4J§+ €/2ﬁ+2\/6+ {’/2[—2\/6

3 6 6 s/3 [ 6 3 6
J6'4f3(4\/§)\[2<\/3%+\/§+\/3%\/§>
- Y 2J2+\f<\/3\[+\f+\/3\%\/§>.

Hence,

_€/§+§/1+\/§+ VlﬁiG%—l—i&%(i/ﬁi%%—ﬁjLi/B\%\/g). (4.76)

By (4.24), the second Ramanugjan-type identity is

1 1 1
Vi aviea | Vaai-ave

1, , o=\ o3 [ 6 \ 6
m\l48+6-16\/§+3(16\/§>\/g<\/3%+\/§+ 3\,3/5\@)
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2\3/63 3 3 3 i 3 _i_
4w\l1+2x/§+\/§<\/3w+\/§+\/3 % x/§>

Hence,

1 1 1 3123_ 3 3 5 _i s _i_
_375+\3/1+\/§+\3/1_¢§_ 5 $ 1+2\/§+\/§<\/3 \3/5+\/§+ 3- %5 \/§> (4.77)

By (4.51), the cubic Shevelev sum is

v —4v2 | [2V242V6 02426 J[2v2-26 ] v [2v2-2V6
2v2 + 26 —4/2 2v/2 — 2\f 2v2 + 26 2v/2 — 26 —4,/2

53 6
2( f+f+\/3€/§x/§>.
Simplification gives
\3/1+\f s/1—=V3 3/1+\f 3/1—
1-+3 1+v3 1+f 1-v3

33

:2< f+f+%—J—J> (1.78)

Example 4.7.22. Let f(z) = 2> — 32+ V3 = 0. Denote A=0, B= -3, and C = /3. It is not
an RCP since

AVC +B+3VC2=-3+3V3#0.
It is also not an RCP2 since

A3C 4+ B3 +27C? = —27427-3 # 0.
The associated Ramanujan equation of f(x) is t3 + pt +q =0, with

(\jl» r+3> 3<€/§+3> =3v9-9,
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C JC 2
By (4.22),
D(f) 1 1 B
o7 =3 (~4(=21)—27-3) = 2(27) = 9.
Then
D(f)
C = 3.

By (4.21), the real root t is

t= §/—6€/§;9+3 + (’/_6\3@;9_3 — {6390+ 3-30s.
From Wituta [95], the roots of f(x) =0 are:
a= 281n2—7r, b= —2sin4—7r, v = 2sin8—7r.
9 9
By (4.23),
§/2sin2;+ f/—QsinZl;—i- \3/281118;- = —€/6\6/§+3\6/§(</6—3\3/§+ \3/3—3\3@>.
Then the first Ramanujan-type identity is

\/smi;—i/sinégr%—\/'nzﬂ: 7 6\f+3f<\/6 3\f+\/3 3f> (4.79)

By (4.24),

__ L _3+6€’f3+3\7§<{‘/6—3€/§+ i’/3—3%>.
\/2sm \/ 25111 \/25111 {i/g\/
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Then the second Ramanujan-type identity is

1 B 1 i 1 _\[1{5/%\/2 (</63\3f9+</33\3/§>. (4.80)

\/ sin 29” \/ sin 45’ {’/ sin 89
These Ramanujan-type identities can also be found in Shiue et al. [81], Wang [90]. By (4.51), the

cubic Shevelev sum is:
i 27 47 47 87 27
SN -+ Sln Sln Sln Sln Sln
R e A R i Y 9_\/6 3f+\/3 3v9.  (4.81)
S 9 SlIl 9 Sln 9 Sln 9 Sin 9 Sl

Example 4.7.23. Let f(z) = 2° — 3v/22% — 3V/22 4+ 1 = 0. Denote A = —3V2 =B and C = 1.

It is not an RCP since
AVC +B+3VC?=-3V2+-3V2+3+#0.
It is not an RCP2 since
A3C + B3 +270% = —54 — 54 + 27 # 0.
The associated Ramanujan equation of f(x) is t> + pt+ = 0, with

p:_3<§7+yli+3>=—3(—3€f—3€@+3)=18€’/§—9,

q:—<AB 6<\j£ \Sﬁ) >:—(9€/1+6(—3€/§—33/§)+9)
=36V2—9V4-9.

By (4.22),

D
(/g) = 162V/2 — 4 (—54 — 54) + 162V/4 — 27 = 162V/4 4 162V/2 + 405.
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Hence,

VD(f) = 9\/5+2€’f2+2\3/1.

By (4.21), the real root t is

t_€/9+9\3/41—36{3@+9\/5+2\3@+2\3/1+§/9+9\?/1—36\‘7§—9\/5+2\‘7§+2\3/1
- 2 2 '

To find the roots of f(x) = 0, we first use the rational roots theorem to obtain one root o = —1.

Divide f(x) by x + 1 yields
22— (14372)z+1=0.

The remaining two roots are

5—;<1+3\‘“’/§+\/(1+3€/§)Q—4> —;(1+3\3/§+\/6\3/§+9\3/41—3>,

1
7=3 (1+3€/§— \/6\9/§+9€’/1—3>.
By (4.23), the first Ramanujan-type identity is

—1+ i/; (1+3€’/§+\/6%+9€’/1—3) + i/; <1+3€/§— 6€/§+9€’/1—3>

_ ﬂgw_t;_g(§/9+9€/?1—36€'/§+9\/5+2€/§+2€‘/1+§/9+9%—36%—9\/5+2%+26/1>
- > 5 :

(4.82)
By (4.24), the second Ramanugjan-type identity is

1 1

+
¢ (1+892+V6¥2+9Vi-3) ¢ (14392 V6¥a+9Vi-3)

—1+

_ i3%_6_3(§/9+9?/1—36€/§+9\/5+2€/§+2\3/1+§/9+9?/1—36€/§—9 5+2€/§+2€/¢I>
= 5 5 :

(4.83)
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A byproduct of this example is

i/; <1+3€f2+\/6\3f2+9{3/413>+§’/; <1+3€f\/6€/§+9€/13)

1 1
= + . (4.84)

i/; (1+3V2+ V672 +971-3) i/; (14372~ V672 +971-3)

By (4.51), the cubic Shevelev sum is

2 31 3 3 3 _
_\/1+3€’@+\/6\3@+9€’/1—3_\/2 <1+3ﬂ+\/6f2+9\/1 3)

2 3} 3 _ 3 3 _
_\/1+3€/§—\/6€’@+95’/41—3_\/2<1+3\[ \/6x/§+9\/21 3>

L 1+3€’/§+\/6€/§+9\3/1—3+3 1432 -/62+9¥4—-3
14392 —1692+9v4-3 14392+ V692+9v4—3

_§/9+9{"/41—36{5/§+9\/5+2{3/§+2{‘/1+</9+9€/1—36{‘f—9\/5+23@+2{3/1

5 . (4.85)

Example 4.7.24. Let f(2) = 2* +ma*+ma+1 =0, where m € R and m > 3 orm < —1. Denote

A=B=m and C =1. This is an RC’Pifm:—;, sinceA\%—FB—l—vaSC'z:—g—%—i-?)zo.
2 2
This is an RCP2 if m = \;5, since A3 + B? 4+ 27C?% = —?7 — ?7 + 27 =
For the cases of m # —g and m # —;5, f(z) = 0 is neither an RCP nor RCP2. Note that

f(z) = 0 will always have a root a = —1. The quadratic factor of f(x) is x> + (m — 1)z + 1. Then

the remaining two roots are

1
5:§<1—m—|— m2—2m—3>,
1
725(1—m—\/m2—2m—3),

which are distinct.

The associated Ramanujan equation of f(x) is t> + pt +q = 0, with

A B
p=-3 <€’FC+ W+3> = —3(2m+3) = —(6m +9),
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q=- (AB +6 (\;L f) ) = —(m? +6(2m) +9) = —(m? + 12m + 9).
By (4.22), the discriminant of f(x) is

D(f) = m* —4(m® +m?) + 18m? — 27 = m* — 8m® + 18m? — 27 = (m — 3)3(m + 1).

Hence,

VD(f) = V/(m = 3)}(m +1),

since m >3 orm < —1. By (4.21), the real root t is

‘o €/m2+12m+9+\/(m—3)3(m+1) i/m2+12m+9—\/(m—3)3(m+1)
= 5 + 5 .

By (4.23), the first Ramanujan-type identity is

—1+\/ (l—m—&—\/mQ—Qm ) \/ (l—m—\/m2—2m—3)
_3\lm+6+3<§/m2+12m+9+m+§/m2+12m+9—\/m). (4.86)

2

By (4.24), the second Ramanugjan-type identity is

1 1
_|_
Yra-m+vmE—2m—3) {/t(1-m-vmZ—2m-3)

ﬂm+6+3 <§/m2+12m+9+ \2/(m73)3(m+1) +§/m2+12m+9\/(m3)3(m+1)). (4.87)

—1+

2

A byproduct from this example is

1 1
§/2<1m+ m22m3>+§/(1m\/m22m3)

2

1 1
- + . (4.88)

;/;<1_m+¢m) i/%(l—m—\/m>

Recall B and ~ are two roots of the quadratic equation x> + (m—1)z+1=0. This gives By = 1.
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Hence, the byproduct is a result of
1 1
3
B+ =—-5+—=.
V=5t

1

We also have \f-i- \f = Yv+ ? Hence, the Ramanujan-type identities are exactly the same.
Y

In addition, the left hand side of the cubic Shevelev sum (4.51) can be simplified to

3/ < 3@ 3/ s/ 3é s/ sm 3R 3/3_ 3 3/p2 4 3/.2

@@%%%% Vi o= Vi i+ VP U
= B2+ -2/ -

Then

VB4 —2yB-2y7=t

Thus, the cubic Shevelev sum becomes

_2§/1—m+\/m2—2m—3_23 l—m—+vm2—-2m—3
2 2

:§/m2+12m+9+\/(m—3)3(m+1)+i/m2+12m+9—\/(m—3)3(m+1), (4.89)

2 2

4.7.6 Constructing Cosine Ramanujan-type Identities
To construct cosine Ramanujan-type identities by using Theorem 4.3.9, we choose a suitable
r € C. For a more general result, we can use Corollary 4.3.10 and choose any € C and A € R.
Dresden et al. [22] gave an example similar to the following example. We use our approach in

the following example.

Example 4.7.25. Let r = i, r+s =3 rs=|r> =1, and

104



0 = Arg(r) = % By Theorem 4.3.9, the cubic equation is x> — 3z + V3 =0. The roots are

:_2ﬁc0s<> B——Zﬁc%( 2;) :‘2ﬁcos( 4;)

Then

137 9 257
— —2cos —.
18 Y=

= -2 — = -2
Q cos —, [ cos 13

18

The real root t to the associated Ramanujan equation is

(ol yE) (@) o0 ) -aa(Y

[o0-2m) () fola-2) -2 ()

y (4.35),

Then the first Ramanujan-type identity is

\/E \/Cos—l—\3/ 257T:1\[\/6+3 630+ {3 3\f)

By (4.36),

1 1 1 \/33
- - = oA/ -1+ 23/4e2 +t{/4e2.
{feos(§) ifeos(§+%)  {feos(§+%) !

Then the second Ramanujan-type identity is

1 1 1 , .
_ n e@%sl+m+a§<%3%+%m>.
\3/COSE \/COSBJ \/cos%—”

18 18
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4.8 Conclusion

In this chapter, we have made significant contributions towards simplifying the computational
complexity involved in obtaining Wang’s Ramanujan-type identities. By introducing a novel ap-
proach based on Liao et al.’s method applied to the associated Ramanujan equation of cubic equa-
tions, we have achieved substantial improvements in computational efficiency. Our method, relying
solely on arithmetic calculations, markedly reduces the total amount of computations required
compared to Wang’s original method.

Furthermore, we have established connections between Ramanujan, Shevelev, and Cardano
cubic equations, culminating in the development of a generalized computation procedure. This
procedure enables the construction of various related identities, including cosine Ramanujan-type
identities. By bridging sixteenth-century insights with contemporary numerical treatments, our
work contributes to the ongoing discourse in understanding cubic equations and their interrelated
numerical treatments.

This chapter not only sheds light on historical advancements but also opens avenues for practical
applications in fields reliant on efficient computational methods. Moreover, it underscores the
enduring relevance of Ramanujan’s work and its implications for modern mathematical inquiry,
echoing the ongoing dialogue initiated by Newton’s pioneering efforts in understanding non-linear
functions.

The publications can be found in Shiue et al. [82] and Shiue et al. [83].
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CHAPTER 5

ON INFINITE SERIES SUMMATIONS INVOLVING LINEAR RECURRENCE RELATIONS
ORDER 2 AND 3
5.1 Background

In recent years, a renewed interest in Leonardo and Fibonacci sequences has emerged, partly
ignited by the research of Catarino and Borges [11]. This revival echoes early discussions within the
Fibonacci Association (Bicknell-Johnson and Bergum [8]), which sought to underscore the intellec-
tual legacy of Fibonacci. Historically, the focus has largely been on transforming non-homogeneous
second-order equations into higher-order homogeneous forms, which may have led to a somewhat
restricted investigation of the number-theoretic characteristics unique to Leonardo sequences. Ex-
panding upon the foundational work of Horadam [33], this chapter delves into the domain of
non-homogeneous properties within the Leonardo framework, as evidenced in subsequent tables
that beckon further inquiry. The application of this framework intersects with well-established
sequences from Koshy [44], culminating in a collection of identities and combinatorial insights as-
sociated with generalized Leonardo sequences. This exploration offers fertile ground for continued
mathematical investigation.

In parallel, this chapter focuses on infinite series derived from sequences that generalize both
the Fibonacci sequences and the so-called Tribonacci sequences. This research is anchored in
seminal contributions made by Melham and Shannon [58] three decades ago, as reflected in Table
1, which succinctly summarizes key findings for readers to explore further. The core theorems of
this study revolve around the roots of quadratic characteristic equations governing second-order
sequences, elucidating conditions for convergence in resulting infinite series. Significantly, these
theorems integrate insights from prominent mathematicians such as Henry Gould, Rudi Lidl, Harald

Niederreiter, and Morgan Ward, establishing vital connections to prior research.
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{amn} m=1 m=2 | m=

{ My} 1/72 3/54 7/18

{Spn} | 17/72 | 15/54 | 11/18
{Pn} 1/79 2/41 #
{Qmn} | 18/79 14/41 #
{Jon} 1/88 1/54 3/22

{mn} | 19/88 | 15/54 | 13/22

{Fon} | 1/89 1/71 2/59

{Foms1} | 10/89 | 9/71 9/59

{Lppn} | 19/89 | 17/71 16/59

{Lemn} | 91/801 | 91/639 | 103/531

{Lmn} | 171/801 | 153/639 | 144/531

[ee]
Table 5.1: Z %, m = 1,2,3. # Does not satisfy the condition for convergence. The special
n=0

sequences are defined in Table 5.2. Le,, and L,, are defined in Section 5.4.4.

In this chapter, we embark on a comprehensive exploration split into two parts, each delving
into fundamental aspects of sequences and series.
Firstly, we direct our attention to analyzing the sequence w,, (wg, w1, p, q,t,j) of order 2, which

adheres to a non-homogeneous linear relation of the form:
Wy = PWp—1 + qWp—2+ (p+q—1)({tn+7), n> 2, (5.1)

where wg, wi, p, and ¢ are predetermined constants, with p + ¢ # 1, while ¢ and j are integer
parameters.
Following this analysis, our focus shifts towards a systematic examination of series characterized

by the expression:

oo
> o
10n+1

n=0
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Here, we endeavor to elucidate the essence of these series and provide insightful interpretations
of their values. Through rigorous computation and analysis, we unveil the numerical outcomes of
these series, offering a glimpse into their convergence properties and potential implications across
mathematical domains.

By meticulously dissecting these two facets—sequences governed by non-homogeneous linear
relations and the convergence behavior of series—we aim to enrich our understanding of fundamen-
tal mathematical structures while paving the way for novel insights and discoveries in the realm of

mathematical analysis.

5.2 Preliminaries
Definition 5.2.1. A number sequence {a,} is called a sequence of order 2 if it satisfies the recur-

rence relation of order 2:

ap = Pan—1 + qan—2, N> 2, (5.2)

for some constants p,q # 0 and initial conditions ag, ay.

Given the initial conditions ag, a1, and the recurrence relation (5.2), the entire sequence can
be determined. Many common sequences, such as arithmetic sequences, geometric sequences, and
Fibonacci sequences, are examples of second order linear recurrence sequence (refer to table below,

see Horadam [32]).

o
The purpose of this research is to investigate the series in the form of Z :—il, with r > 1.
r
n=0
One well-known series of this form, which piqued the curiosity of many and inspired this research,
o0
F, 1 1
is the Fib i =—=— (L 55]).
is the Fibonacci sumnz_0 0T ~ 80~ i, (Long [55])
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Sequence of numbers {a, } ag a1 P q
Integers 0,1,2,3,--- 0 1 2 -1
Arithmetic sequence (common difference d) | a | a+d 2 -1
Geometric sequence (common ratio r) a r r+1|—r
Fibonacci sequence F}, 0 1 1 1

Lucas sequence L, 2 1 1 1
Fermat sequence of the first kind T, 1 3 3 —2
Fermat sequence of the second kind S, 2 3 3 —2
Pell sequence of the first kind P, 1 2 2 1
Pell sequence of the second kind @, 2 2 2 1
Balancing sequence B, 0 1 6 -1
Lucas-Balancing sequence C, 1 3 6 -1
Mersenne sequence M, 0 1 3 -2
Jacobsthal sequence J, 0 1 1 2
Jacobsthal-Lucas sequence J, 2 1 1 2

Table 5.2: Some common sequences.

5.3 Sequence wy, = pwp_1 + quwp—2+ (p+q—1)(tn + j)

We begin by giving some definitions and previously established results.

Definition 5.3.1. (Kuhapatanakul and Chobsorn [45]). The generalized Leonardo sequence {Ly r},

with a fixed positive integer k, is defined by

Ek,n = Ek,n—l + ‘Ck,n—2 +k, n>2, (53)

with the initial conditions Ly o= Ly1 = 1.
Furthermore, a variant of generalized Leonardo sequence, { By, (a, b, k)}, is defined as follows

Definition 5.3.2. (Bicknell-Johnson and Bergum [8]). The Leonardo-like sequence {By(a,b,k)}
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1s defined by the relation
By(a,b,k) = Bp—1(a,b, k) + By—2(a,b, k) + k, (5.4)

for n > 2 and initial values By(a,b, k) = —a+b—k and Bi(a,b, k) = a. Here, k remains constant.

The work of Bicknell-Johnson and Bergum [8] showcased that the generalized Leonardo sequence

is a specific instance of B,,, where Ly, = By, (1,2 + k, k).

Theorem 5.3.1. (Kuhapatanakul and Chobsorn [45]). The closed formula for the generalized

Leonardo sequence {Ly,,,} is
Ek,n = (1 + k)Fn—H —k, (5.5)
Additionally, a corollary by Catarino and Borges [11] discussed the classical Leonardo sequence,

Le,:

Corollary 5.3.2. (Catarino and Borges [11]). Let {Ley} be the classical Leonardo sequence. Then
Len = 2Fn+1 — 1.

This result can be derived by setting £ = 1 in Theorem 5.3.1.
In the next corollary, we present two important relationships within the generalized Leonardo

sequence:
Corollary 5.3.3. Let {Ly,} be the generalized Leonardo sequence. Then
. 1
(i) Lrn = 51+ B)(Lrn = 1) +1
g 1
(ZZ) £k+1’n — Ek,n = 5(,617” — 1)

Proof. Referencing Corollary 5.3.2, we establish that £y, = Le, = 2F,11 — 1. Consequently, it

follows that Fy,41 = = (L1, + 1). Employing Theorem 5.3.1, we deduce:

1

2
1 1

Lin=QA+k)Fop1 =k =51+ k)(Lra+1) —k =1 +k)(L1n—1) +1,
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thereby confirming (7).

In a similar vein, as per Theorem 5.3.1, we find:

Lisin = (k+2)Fo— (k+1),

Lin=(k+1)F,4 —k.
The subtraction of these two expressions yields:

£k+1,n - »Ck,n = (k + 2)an—f—l —k—-1- ((k + 1)Fn+1 - k)

1
= Ln4+1 — 1= §(£1,n - 1)7

which substantiates (7i). O

5.3.1 Main Results

Let {a, } be a sequence of order 2 satisfying the following homogeneous linear recurrence relation:
An = POp_1 + qap_o, 1> 2, (5.6)

where ag, a1,p,q # 0 are given constants. Let a and 8 be two roots of the characteristic equation

of (5.2):
22 —pr—q=0. (5.7)

He and Shiue [27] proved the following theorem that gives the general formula of {a,}.
Theorem 5.3.4. (He and Shiue [27]). Let {an} be a sequence of order 2 satisfying the linear
recurrence relation (5.2). Then

a; —Bag\ , ap —aag\ ., . .
a, = (O[—ﬁ )a_<a—5 )67 lfa#,@,

na;a™ ' — (n — 1)aga”, if a =0,
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where o and 3 are the two roots of (5.7).
Corollary 5.3.5. If ap = 0 and a1 = 1, then the general formula is given by

LN (0 N .
. <Q_5>a (a_5>5, ifa . o

na 1, if a = B.

Corollary 5.3.6. If ag =1 and ay = 1, then the general formula is given by

1-p n l—a) ,, . )
. <Q_5>a —(a_5>5, ifa . o

na" ' —(n—1)a", if a = 0.

Theorem 5.3.4, Corollary 5.3.5, and Corollary 5.3.6 will be used in the main results.
In this paper, we will consider the sequence {a,(t,j)} satisfying the second order non- homo-

geneous linear recurrence relation:

an(t,j) = pan-1(t,j) + qan—2(t,j) + (p+q—1)(In+j), n=>2 t,jeZ, (5.11)

where ao(t,7), a1(t, ), p, and g, with p 4+ ¢ # 1, are given constants.

We will write ay(t, j) as wy, to follow Horadam [33] notation:

Wy, = wp(wo, w1, p,q,t,j) = an(t, ), (5.12)

with wo = aO(tvj)7 w1 = al(tvj)a wn(w07w17p7Q7070) =ap, N 2 2.

We now give the general formula of w,,:

Theorem 5.3.7. Let {w,(wo,w1,p,q,t,7)} be a sequence of order 2 satisfying the non-homogeneous

linear relation in the following form:

Wy = pWn—1 + qp—2+ P+q—1)(tn+j), n>2, t,j € Z, (5.13)
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where wg, w1, p, q, with p+ q # 1, are given constants. Then

. tp+29)

Wn = wn(wo,wh% q, Oa 0)+ <j 1_ p— q) (wn(la 1ap7 q, 07 0)_1)+t (wn(ov 1,]9, q, 07 0)—77,) .

(5.14)

Proof. First we consider the homogeneous part

wy (wo, w1, P, q,0,0) = pwy—_1(wo, w1, p,q,0,0) + qu,—2(wo, w1, p, q,0,0).

Then the characteristic equation

z? = pr+q
gives
_pEVPTH
2
Let o = Pt vprtag ‘]2?2%[ and = P vP T ~]2?2+4q Then the homogeneous solution of (5.13) is

wp (wo, w1, p,q,0,0) = cra™ + cof".

Suppose « # 3. Assume the particular solution is of the form

wh = An + B,

where A = A(t,j) and B = B(t,j). Then we have

An+B=p(An—1)+B)+q(A(n—2)+ B) + (p+q—1)(tn+j).
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Solving for A and B, we have

Then

Using the initial conditions wg and w;, we have

t 2
wn:clan+026n_tn_j+M_
l-p—q
. tp+2
CI+C2_]+M
t(p +2q)

cra+cff—t—7+ .
l-p—gq

Multiplying the first equation by « and subtract with the second, we have

woa —wy = co(a— B) + <j+

wWox — Wy t

— C9 =

t(p+2q) t(p+2q)
1—p

>a+t+j+

. tlp+2q) 11—«

a—pf

Then

w1 — W
1 05+

- l-p—q
(-

1570) (a75),

a—ﬁ+

tlp+2q9)\ (B-1

Ccl1 =

a—pf

Thus, the general solution is

S () (55)

B wy — wo3 t . t(p+2Q) g—1 n
“’”_[ a=p +a_5+<‘1+1_p_q> (a—ﬂ)]o‘
wo — Wi t . tlp+29) l—a n
+[ a—7 _aﬁ+<_‘7+1pq> (aﬁﬂﬂ (519
—tn—j+7t(p+2q).
l—=p—gq

115



We can rewrite it as

wn:<w1_wﬁ>an<wf“ma>g10 t@+2®>(w—lmn+ﬂ—aMW>

a—p a—p l-p—q a—p
am — pn - t(p+2q)

Using (5.8), (5.9), and (5.10), we have

_ t(p+29)

Wp = wn(w07w1>p>q7070) + <] 1 —p— q) (wn(lv 1,]9, Q7070) - 1)

(5.16)
+t (w,(0,1,p,q,0,0) —n).

for a # 3.

Now, if @ = 3, we have
wy, = (c1 + can) ™.

The solution is

t 2
wy, = (cl+02n)a”—tn—j+w.
IL—=p—gq
Using the initial conditions,
. tp+2q)
wo=¢—J)+
l-p—gq
t 2
wy =ca+coa—t—7+ (p+29)
IL-p—q
Then
tip+2
e = w4 j— P E20)
l—=p—q
. tp+2 1 tp+2
ngdw%ﬁ+(p ®+G+ (p q»
l—p— o l-p—q
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t(p+2 w t(p+ 1 tp+ 2
wy = (wo+j— PH20N o o HeH20) L et 29) n
l-p—gq a 1-p a 1-p—gq
t(p+2
i+ (p+2q)
I-p—gq
t(p+2 tip+2 _
:< +7- p q)>( " na")+<w1+t+j— p q)> -l
l-p—gq l-p—q
. tp+2
_t_]+(p q)
I-p—gq
tip+2
= wina” 1—w0(n—1)0‘n+< 1(]DJr q>>( "t —(n—1)a" —1) +tna”™ ' —tn
—-P—q
Thus, if o = 3, the solution is
_ tlp+29)

wyp = wina™t —we(n — 1)a™ + (j ) (nan_l —(n—1)a" —1) + tna™t —tn.

L—=p—gq
Using (5.8), (5.9), and (5.10), then

. tp+2q)

Wy, = wn<w07w17p7q7070) + (.7 1 —p— q) (wn(lv 17p7 Q7070) - 1)

+ t(wn(Ov 1ap7 q, 07 O) - TL)

The results for both cases are the same. O

Corollary 5.3.8. (Bicknell-Johnson and Bergum [8]). Consider the Leonardo-like sequence Cy,(a,b, k)

defined in (5.4). Using Horadam’s notation, we have
wy, = wp(b—a—k,a,1,1,0,k).

Then

wp(b—a—k,a,1,1,0,k) = aFy_ + bFy_q + k(F, — 1). (5.17)
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Proof. By Theorem 5.3.7,

wp(b—a—Fk,a,1,1,0,k) = w,(b—a—k,a,1,1,0,0) + k(w,(1,1,1,1,0,0) — 1)

=wnp(b—a—k,a,1,1,0,0) + k(Fpy1 — 1).

Since p=¢=1and t = j = 0, we can use Theorem 5.3.4, with o = ¢ and 8 = ¥:

wn(b—a—k,a,l,l,o,o):a_wéb__g_k)qﬁn_“_‘Zséb_—j—k)wn
(Y fo—ae W)
=o (o) re-a-n (P52

=aF,+(b—a—k)F1=aF,_o+ (b—Fk)F,_1.

Hence, by Theorem 5.3.7,

wp(b—a—Fk,a,1,1,0,k) =aF—2+ (b—k)Fp—1 + k(Fry1 — 1)

=al, 9+ bF,_1 + k(F,—1).0

Corollary 5.3.9. Consider the general Leonardo sequence {wy,(1,1,1,1,¢,5)}. Then

wn(1,1,1,1,¢,5) = (14 3t + j) Fpy1 + t(Fy —n — 3) — j. (5.18)

Proof. Let p = ¢ =1 and wyp = w; = 1 in (5.14) of Theorem 5.3.7. Recall that the Fibonacci

sequence {F),} satisfies the second order linear recurrence relation

F,=F, 1+ Fn72a (519)

where Fy = 0 and F; = 1. By (5.9), we have

wn(0,1,1,1,0,0) = F,, wy(1,1,1,1,0,0) = Fiq
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where a = ¢ and 8 = 1. Then

H(1+2)

wn(l’ 1’ 1’ 1’t7]) = ’an(l, 1> 17 17070) + <] o ﬁ

) (wn(la 17 17 17070) - 1)
4t (wn(0,1,1,1,0,0) — n)

= Fpy1 +(§+3t) (Foyr — 1) +H(Fy —n)
= (1+j+3)F 1 +tF, —tn—j—3t

= (143t +5)Foyr + t(Fp —n — 3) — 4.0

Corollary 5.3.10. (Shannon and Deveci [74]). Consider the sequence {wy,(1,1,1,1,1, )} of order

2 satisfying the non-homogeneous linear recurrence relation (5.13). Then
wp(1,1,1,1,1,5) =4+ j)Fos1 + Fn—n—3—7. (5.20)

Proof. Let t =1 in Corollary 5.3.9 yield the result. O

Corollary 5.3.11. The closed formula for the generalized Leonardo sequence {Lyn} defined in

Definition 5.5.1 is
Ek,n = (1 + k)Fn—‘rl - k7

as given in Theorem 5.3.1.
Proof. Let t =0 and j = k in Corollary 5.3.9 yield the result. O

Corollary 5.3.12. (Shannon and Deveci [74}].) Consider the sequence {w,(1,1,1,1,1,0)} of order

2 satisfying the non-homogeneous linear recurrence relation (5.13). Then
wp(1,1,1,1,1,0) =4F, 11 + F,, —n—3 (5.21)

Proof. Let t =1 and j = 0 in Corollary 5.3.9 yield the result. 0
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Theorem 5.3.13. Let {w,(wo, w1, p,q,t,7)} be a sequence of order 2 satisfying the non-homogeneous

linear relation in the following form:
Wy = PpWp_1+ qup2+ (p+q—1)(tn+j), n>2, t,j € Z, (5.22)
where wg, w1, p, q, with p+ q # 1, are given constants. Then

wp (wo, w1, p, q,t,7 + 1) — wy(wo, w1, p,q,t,5) = wy(1,1,p,4,0,0) — 1 and (5.23)

wn(w()vwlapa Q)tuj + k) - wn(/wO)wl?pv Q7t7j) =k (wn(]-’ ]-’p’ Q7O’0) - 1) . (524)

Proof. Using the result from Theorem 5.3.7, we have

t(p +2q)

1,1,p,¢,0,0)—1
1_p_q>(wn(, ,p,4,0,0)—1)

wn(w07w17p7Q7t>j + 1) = wn(w(]awlapa Q7070)+ <]+1_

+ t (wn(oa 17107 q, 07 0) - n)

and

t(p + 2q)

— 1.1 0,0)—1
1_p_q><wn<, 2,,0,0)~1)

wp(wo, w1, p, ¢, t,j) = wp(wo,wr,p,q,0,0)+ (J'

+1 (wn(ov 17p7 q, 0’ 0) - TL) .
Subtracting the two equations yields
wn(wo,wl,p,q,t,j + 1) - wn(w07w17p7Q7t7j) - wn(17 17p7Q7070) - 1

The second result can be obtained by repeating the same process and replacing j +1 by j+ k. O

Corollary 5.3.14. Consider the Leonardo-like sequence {wy,(b —a — k,a,1,1,0,k)}. Then for

n > 2,

wp(b—a—k,a,1,1,0,k+1) —wy(b—a—k,a,1,1,0,k) = F,41 — 1.
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Proof. By Theorem 5.3.13,

wp(b—a—Fk,a,1,1,0,k+1) —wy(b—a—k,a,1,1,0,k) = w,(1,1,1,1,0,0) — 1

= L'n41 — 1[]

Corollary 5.3.15. (Shannon [73]). Consider the general Leonardo sequence {wy,(1,1,1,1,¢,7)}.

Then forn > 2,
wp(1,1,1,1,t,5+1) —wy(1,1,1,1,¢,5) = Fry1 — L. (5.25)
Proof. Using Theorem 5.3.13. We have
wp(1,1,1,1,6,74+1) —w,(1,1,1,1,¢,7) = w,(1,1,1,1,0,0) — 1 = F,,11 — 1.0J
Note that wy(1,1,1,1,0,k) = L, ,,. Hence when ¢ = 0, we have the same result as Corollary 5.3.3
(ii).

Next, note that this difference is independent of ¢. A table by Shannon and Deveci [74] for ¢t =1

is given here:

n
0/|1|2(3|4|5 |6 7 8
J
-3 1112 ] 4|8 |15 27 | 47
-2 111(2] 4| 8 |15 |27 ] 47 | 80
-1 111136 |12]22|39| 67 | 113
0 1|14 8 | 16|29 |51 | 87 | 146
1 111511020 36| 63| 107|179
2 1|16 |12|24 |43 |75 127 | 212
3 1| 1| 7|14 |28 |50 |87 | 147 | 245
Differences | 0 | O | 1| 2 | 4 | 7 |12 ] 20 | 33

Table 5.3: "Extended Leonardo sequence”, Shannon and Deveci [74].
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We now give two more tables with ¢ = 2 and ¢t = 3 to show the Independence of ¢:

n
01|23 |4]|5 6 7 8
J
-3 1{113] 7 ([15]29| 53 | 93 | 159
-2 111149 |19]36]| 65 | 113 | 192
-1 1] 1|5 11|23 |43 | 77 | 133 | 225
0 11161327 |50| 89 | 153 | 258
1 1| 1|7 ]15 |31 |57 | 101|173 | 291
2 111|817 |35|64| 113 | 193 | 324
3 111191193971 125 | 213 | 357
Differences | 0 | 0| 1| 2 | 4 | 7 | 12 | 20 | 33

Table 5.4: Extended Leonardo sequence with ¢t = 2.

" 0|1 2|3|4]|5 6 7 8
J
-3 111] 5 |12|26|50| 91 | 159 | 271
-2 1116 |14|30]57|103 | 179 | 304
-1 1117 |16|34 64| 115|199 | 337
0 1118|1838 71127 | 219 | 370
1 1119|2042 78| 139 | 239 | 403
2 1|1]10]|22|46 |85 | 151 | 259 | 436
3 1|1 ]11]24|50192]| 163 | 279 | 469
Differences | 0 | O | 1 | 2 | 4 | 7 | 12 | 20 | 33

Table 5.5: Extended Leonardo sequence with ¢ = 3.
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Theorem 5.3.16. Let {a,} be a sequence of order 2 satisfying the non-homogeneous linear relation:

Ap = Gp—1 + ap—2 + Ckn, n>2,

where ag =0,a1 =1, C #0, k#0, and k* —k —1#0. Then

Ck? Ck? O+
Y (T LA Y (T L
¢ < k:2—k:—1> +< k:2—k:—1) B —

Proof. The homogeneous solution is

ap = 19" + Y™,

]__
2\£and¢— 5

The particular solution can be found using the method of undetermined coefficients

=

where ¢ =

the particular solution is of the form a; = Ak", where A is a constant. Then

AK™ = AR + AR 2 4+ Ok

Ck?

A= Y
— [Ey—

Hence, the general solution to (5.26) is

" " Ckn+2
an261¢ +CQ’(/J +m
With agp = a1 = 1, we have the following system
1 =ca+c +07k2 c1+c —l—C’ik2
B Ty TR R By = Jy S |
Ck3 CkK3 '
1 — —— :1—7
e 1o+ v JEp—
Then
Ck?¢ Ck3
_ — b -1
EIC By s S |

(5.26)

(5.27)

. Assume



¢>— 1 Ok — Ok

— = +
“ Vo(k2 —k — 1)
B _i . Ck? — Ck*¢
Vi VB(k2—k—1)
Moreover,
2 3_ (1.2
=1 Ck n P Ck®> — Ck*¢

K—-k—1" 5 Bk2—k—1)
(2 —k—1—Ck2) (¢ — ) + (k2 — k — 1) — Ck> + Ck2¢
VE5(k2 —k —1)
—(k+1)(¢— ) + (K2 — CK?)(¢ — ) + k2 — (k + L)¢p — CK3 + Ck%¢
V5(k2 —k —1)
—ak+Cop+1)

—(k+ Do+ k(1 -C) o — )
VB(k2 —k 1)
—(k+1)p+k2(p+Ch—Ck) ¢  Ck*—Ck%

Vo(k2 —k — 1) V5 VB2 —k—1)

Hence, the general solution to (5.26) is

. (¢_ CK — Ck2y >¢n_<¢_ Ck® — Ck2¢ >¢”+ Ckmt2
"\WVE VB2 —k—1) VB VB(k2—k—1) k2 —k—1
ortl gt ROt —y") | CRRu(en -yt R

V5 V5(k2 —k —1) VB(k2 —k —1) K2 —k—1

CK . CK . Ckn+2
AR P R L TRy A L P A
O3 k2 Ckn+2
—(1-— VR +(1- - VF .+ O
( k2—k—1> +< k?—k—l) ™ R T

Corollary 5.3.17. (Shannon and Deveci [7}]). Consider a sequence {ajn} of order 2 satisfying

the following non-homogeneous linear recurrence relation:

Ajp = Gjp—1+ @jpn_2+ (=1)"j, n>2, j >0, (5.28)

where ag =0, = a1 =1. Then

Ajn = Fop+3F, o+ (—1)nj, n > 2. (529)
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Proof. Let C' = j and k = —1. Then

_. . _1n+2.
an:<1_1j>Fn+<l_i>Fnl+()1]

=(1+)FE+ 0 =j)F1+(=1)"

= L'n+1 +an—2 + (_1)n.]D

Corollary 5.3.18. (Shannon and Deveci [7]]). Consider a sequence {ayn} of order 2 satisfying the

following non-homogeneous linear recurrence relation:
ap = ap-1 + an—2+ (-1)", n>2, (5.30)
where ag = 0,a1 = 1. Then
an = 2F, + (=1)". (5.31)
Proof. Let j = 1 in the previous corollary. Then
an=Fon+F, o+ (-1)"=F, +F,_1+F,— F_1 + (-1)" =2F, + (-1)". O

Corollary 5.3.19. (Shannon and Deveci [74]). Consider a sequence {a;j,} of order 2 satisfying

the following non-homogeneous linear recurrence relation: Let
Ajn = Gjn-1+ ajn—2+ (=1)"j, n =2, j >0,
where ag =0, = a1 = 1. Then
Ajyin — Ajp = Fr_o+ (=1)", n>2. (5.32)
Proof. By Corollary 5.3.17, we have

Ajn = Foy1+jFn—2+ (_1)nj
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and

ajyin = Foy1 + (G + D EF2 + (=1)"(F + 1).

Then

aji1n = g = Fooo 4 (=1)"

n
01|12 |3|4|5)|6|7 8 9
J

0 011|235 |8 13|21 |34
1 Oj12 2|5 6 | 12| 17| 30 46
2 o1 3|27 |7 /|16]21| 39 | 58
3 0|14 ]2|9 |8 |20[25]| 48 | 70
4 O|1 |5 |2 |11] 9 |24]|29| 57 | 82
5 0|16 213102833 ]| 66 | 94
6 O|1 |7 |215|11|32|37| 75 | 106
7 0|1 8 |2 |17]12|36|41| 84 | 118
8 0|19 |2(19|13 |40 45| 93 | 130
9 O|1]10]2 |21 |14 |44 |49 | 102 | 142
10 0|1 (112 |23]15|48 |53 | 111 | 154

Differences |0 | 0| 1 |0 | 2 | 1 | 4 | 4 9 12

Table 5.6: Table of values for Corollary 3.14.

5.3.2 Examples

Consider

wn(w07wlap7 Q7070) = pwnfl(w()awla]%@bo’o) + qwnf2(w03wlap7q7070)v n > 27
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where wg, wi, p, and g # 0 are given constants. In this section, examples using some common

sequences listed in Table 5.1 in Section 5.2 are presented.

Example 5.3.1. Let wo =2, w1 =1, p=q=11in (5.13), i.e.,
wn(27 1,1, 1ataj) = wn—1(27 L, 1711t7j) +wn—2(27 1,1, 17t7j) +in +j7 n>2te Za

Then

(2) wa(2,1,1,1,¢,§ + 1) —wn(2,1,1,1,¢,§) = Fopq — 1.
1+5 g ] -5
2 T2
Ly, w,(0,1,p,¢,0,0) = w,(0,1,1,1,0,0) = F,,, and wy(1,1,p,4,0,0) = wy,(1,1,1,1,0,0) = F,11.

Proof. Since p = ¢g =1, a =

) wn(w07w17p7q7070) = wn(27171717070) -

Then by Theorem 5.3.7,

t(1+2)

wn(2,1,1,1,t,7) = wn(2,1,1,1,0,0) + <j o

) (wn(1,1,1,1,0,0) — 1)
+t(wn(07171717070) _n)

=Lnp+(+3t) (Fuy1 — 1)+t (Fp—n).
We use Theorem 5.3.13 to obtain the second result. We have

wn(2,1,1,1,t, 5+ 1) —wp(2,1,1,1,¢,7) = w,(1,1,1,1,0,0) — 1

— n+1 — 1[]

We give three tables to show this difference. For ¢ = 1:
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For t = 2:

" 213|456 7 8
J

-3 2136|1120 35 | 60

-2 315 101832 55 | 93

—1 4 | 7 |14 | 25|44 | 75 | 126

0 519 | 18(32]56 | 95 | 159

1 6112239 |68 115 | 192

2 711326 |46 | 80 | 135 | 225

3 8 115 |30 | 53|92 | 155 | 258

Differences 112 4|7 (]12] 20 | 33

Table 5.7: Values of w,(2,1,1,1,1, j).
" 23|45 6 7 8
J

-3 4 | 8 | 17|32 ] 58 | 101 | 172
-2 5 1102139 70 | 121 | 205
-1 6 | 12 | 25 | 46 | 82 | 141 | 238
0 7 14129 |53 | 94 | 161 | 271
1 8 |16 | 33 | 60 | 106 | 181 | 304
2 9 | 18 | 37 | 67 | 118 | 201 | 337
3 10 [ 20 | 41 | 74 | 130 | 221 | 370
Differences 112 (47|12 | 20 | 33

Table 5.8: Values of w,(2,1,1,1,2,j).
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For t = 3:

" 0|12 |3 4|5]| 6 7 8
J
-3 2016 [13]28|53 ]| 96 | 167 | 284
-2 21| 7 |[15]32|60 | 108 | 187 | 317
-1 21| 8 |[17]36 |67 ]| 120 | 207 | 350
0 21119 (19|40 | 74| 132 | 227 | 383
1 211110 |21 |44 | 81| 144 | 247 | 416
2 2111123 |48 | 88| 156 | 267 | 449
3 21111225 |52| 95| 168 | 287 | 482
Differences | 0 | O | 1 | 2 | 4 | 7 | 12 | 20 | 33

Table 5.9: Values of w,(2,1,1,1, 3, j).

We can see that the difference resembles the sequence {F,,11 — 1}.

Example 5.3.2. Let wo =0, wy =1, p=2, and ¢ =1 in (5.13), i.e.,
wn(07 1727 17t7j) = 2wn—1(07 1727 17t7.]) +wn—2(07 1727 17t7]) + 2(tn+j)7 n > 27 teZ.

Then
(1) wn(07172717t7.j) = (1 +t)Pn + (.7 +2t)(Pn+1 - b, - 1) —tn;
(2) wﬂ(0’172317t7j + 1) _wn(03132717t7j) = Pn+1 — P, -1

Proof. Sincep=2andg=1,a=1+V2, =1-2, wy, (wo, w1, p,q,0,0) =w,(0,1,2,1,0,0) =
P,. Then by Theorem 5.3.7,

£(2 +2)

wn(0,1,2,1,¢, §) = wn(0,1,2,1,0,0) + (ﬂ' T1-2-1

) (wn(1,1,2,1,0,0) — 1)
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+t (wp(0,1,2,1,0,0) — n)
=P, +(j+2t)(Pyy1— P, —1)+tP, —tn

=1+t)P,+ (J+2t)(Poy1 — Py —1) —tn.

We use Theorem 5.3.13 to obtain the second result. Then

wn(0,1,2,1,6,5 4+ 1) —wn(0,1,2,1,¢,5) = wn(1,1,2,1,0,0) — 1 = Ppyq — P, — 1.

Remark 5.3.3. In Example 5.3.2, the following identity is used:

wn(1,1,2,1,0,0) = wny1(0,1,2,1,0,0) — w,(0,1,2,1,0,0).

Proof.

(1+v2)" = (1= V2"

wn(oa 17 27 1>O>O) =

2v2
) Kt O S )
wn+1(0,1,2,1,0,0) = 7
_ A+v)rtt - (- vt
wn41(0,1,2,1,0,0) — w,(0,1,2,1,0,0) = NG
R )
2v2
V2014 V2" 4 V2(1 - V)"
- o
_ V) (- V2)"
2

=wy(1,1,2,1,0,0).0

Example 5.3.4. Let wo =2, w1 =2, p=2, and ¢ =1 in (5.13), i.e.,

wn(2,2,2,1,6,5) = 2wn—1(2,2,2, 1,4, 5) + wp_2(2,2,2,1,¢,§) + 2(tn + j), n>2, t € Z.

Then

130



(1) wn(2,2,2,1,t,5) = Qn + (§ + 2t)(Ppt1 — Pn — 1) + t(Pn — n);
(2) wn(27272717t7j + 1) _wn(27272717t)j) = Pn-‘rl - Pn -1

Proof. Similar to the last example, & = 1+v/2, 8 = 1—v/2, wy, (wo, w1, p, ¢,0,0) = w,(2,2,2,1,0,0) =
Q@n and w,(0,1,2,1,0,0) = P,. Then by Theorem 5.3.7,

t(2 +2)

wn(2,2,2,1,4,7) = wn(2,2,2,1,0,0) + <j -2

> (wn(la ]-a 2a 15070) - 1)
+t (wn(0,1,2,1,0,0) — n)

:Qn+(j+2t)(Pn+1_Pn_1)+t(Pn_n)'

The second result is the same as the last example. O

Example 5.3.5. Let wo =0, w1 =1, p=1, and ¢ =2 in (5.13), i.e.,
wn(oa 17 1727t7j) = wn—1(07 17 1727t7j) + 2wn—2(07 ]-7 1727t7j) =+ 2(tn+j)7 n Z 27 te Z

Then

(1). wy(0,1,1,2,¢,5) = (1 +t)J, + (j + 5;) (T — 1) —tn;

(2) wn(0a171727t7j + 1) _wn(07171727t7j) = \7” -1

Proof. Sincep = 1 and ¢ = 2, we have a« = —1, § = 2, and wy, (wo, w1, p, q,0,0) = w,(0,1,1,2,0,0) =
Jn. Then by Theorem 5.3.7,

H1+2-2)

wn(oalalvzatvj) = wn(0’1’1727070) + <] B 1 —P—q

) (wn(1,1,1,2,0,0) — 1)
+1 (wn(oa 17 17 27070) - TL)

5t
ZJn+<j+2> (In—1)+tJ, —tn

= (L4 0+ (j+52t> (Jn—1) —tn.
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We use Theorem 5.3.13 to obtain the second result. Then
wp(0,1,1,2,t, 5+ 1) —w,(0,1,1,2,¢,5) = w,(1,1,2,1,0,0) — 1 = 7, — 1.0J
Remark 5.3.6. In Example 5.3.5, the following identity is used:
wp+1(0,1,1,2,0,0) = w,(1,1,1,2,0,0).
Proof.
wn+1(0,1,1,2,0,0) =

((_1)n+2+2n+1) — ((_1)n+2n+1)

W
Wl =

= wp(1,1,1,2,0,0) = Jpi1 = Tp.0
Example 5.3.7. Let wo=1, w; =1, p=1, and ¢ =2 in (5.13), i.e.,
wn(1,1,1,2,t,5) = wn_1(1,1,1,2,,5) + 2wn_o(1,1,1,2,¢,§) + tn+j, n>2, t € Z.

Then
. . bt
(2). wn(1,1,1,2,¢,5 +1) —wn(1,1,1,2,¢,5) = Tn — 1.
Proof. Similar to the last example, we have o = -1, 8 = 2, wy(wy,w1,p,q,0,0) =

wn(1,1,1,2,0,0) = J,. Then by Theorem 5.3.7,

t(142-2)

wn(1,1,1,2,1,5) = wa(1,1,1,2,0,0) + (j T1o12

) (wn(1,1,1,2,0,0) — 1)
+t (wn(0,1,1,2,0,0) — n)

— gt (5+3) (G- 1+ 102, )

The second result is the same as the previous example. O

Remark 5.3.8. In Examples 5.3.2, 5.3.4, 5.3.5, 5.5.7, the homogeneous parts are Pell sequence

132



{P,}, Pell-Lucas sequence {Qy}, Jacobsthal sequence {J,}, and Jacobsthal-Lucas sequence {J,},

respectively.

5.3.3 Some identities involving the generalized Leonardo sequence

Theorem 5.3.20. Let {L},,} denote the generalized Leonardo sequence. Then

1. (Shattuck [76]).

L3 = Lhn1Linr = (1) (k+ 1) + k(k + 1) Fys

2. (Kuhapatanakul and Chobsorn [45]).

LimLin—1 + Lim—1Lin = Lim1Len1 — (K + 1)Ly min — k

Proof. By Theorem 5.3.1, we can write the generalized Leonardo sequence as
Lin=14+k)F —k. (5.33)
Then

L =Lrn1Lingr = (L+ k) Fo —2k(1+ k) Fpyy + k= ((1+ k) Fy—k) (1 + k) Fya—F)
= (L4 k)* (F2y — FuFpyo) — k(k+1) (2Fp41 — F, — Foy2)
= (L+k)*(=1)" = k(1 + k) (2Fy41 — Fy, = Fpy1 — Fp)

= (L4 R2(-1)" — k(1 + k) Fo,

by Cassini’s identity.

For the second result, we first note Honsberger’s identity

Fn—lFm +FnFm+1 = Fm+n-
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Then

LimLin-1= 1+ k) Fpp1Fy — k(L4 k) (Fnp1 + Fo) + kK,
Lim-1Lin = (14 k) FuFup — k(1 +k)(Fp + Fupr) + K
Lrmi1Linst = (1 + k) FpyoFnie — k(1 4+ k) (Fpia + Foyo) + k2
= (14 k)*(Fpi1Fui1 + Fns1 By + Fui1 By + FuF)
— k(14 k) (Fs1 + Fon + Fpy1 + F,) + 2,

Ek,m—&—n = (1 + k)Fm+n+1 —k
Then

L"k,mﬁk,n—lﬁk,m—lﬁk,n - ﬁk,m—&—lﬁk,n—{—l = k2 - (]- + k)Q(Fm-‘ran—i-l + Fan)

=k - (1 + k)2Fm+n+1'

Finally,

Ek,m‘ck,n—lck,m—lﬁk,n - £k,m+1£k,n+1 + (]- + k)£k,m+n +k=0. O]

Theorem 5.3.21. Let

aoFyt + a1 Fppi—1 + - -+ aFy =0, (5.34)

where ag + a1+ -+ a; =0, a; €Z, (1 =0,1,2,...,t), t is a fized positive integer. Then

aoLyptt—1+ a1 Lypirt—2+ -+ arLiyp1 =0. (5.35)

Proof. Since Ly, = (1 + k)Fy41 — k, we have

aoLrprt—1+a1Llypre—2+ -+ aLlypn 1
=aol(1 + k) Fptr — k] + ar[(1 + k) Fope—1 — k] + - + a[(1 + k) F, — k]

= (1 + k)[aan+t + aan+t_1 + -+ atFn] — k‘[a() + al S at]
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=(1+k)-0—Fk-0=0.0

Remark 5.3.9. (5.34) can be obtained by computing (z* — x — 1)2™(x — 1)p(x), where p(x) is a

polynomial over 7 first, then replace each ™ by F4;.

Algorithm 16 Obtaining this identity
Input: A polynomial p(z) over Z

Output: An identity with generalized Leonardo sequence
L g@) e @2 —a—1) 2" (z— 1) - pla)
2: Replace each "™ by F,;
3: Verify the coefficients of F,,; sums to zero
4: Replace each Fj,4; by L1

5: Quput the identity

Example 5.3.10. It is known that
Fo+ Foy1+ Foye — 3F,44=0.
Henceag=1,a1=0,a2=-3,a3=a4=0,a5 =1, ag =1, i.e. Zai = 0. Then
Lin+s — 3Lxn+s + Lipn + Lin-1 =0,
or
Lints + Lip + Lin—1= 3Lk nt3. (5.36)

Example 5.3.11. Let f(z) = (2? — 2 — 1)2" and p(z) = (z — 1)(22° + 3z — 1). Then g(z) =

fx) - p(x) = 22™T0 — 4" 5 4 32" — 52" 4 22" F2 4 32T — 2. Replacing each ™ by Fpyy,

135



we have

2F 16 — 4F 45+ 3F 44 — 5F 43+ 2F 40+ 3F, 41 — F,, = 0. (5.37)
The coefficients are

ag =2, ag =—4, aa =3, a3 =—5, ay =2, a5 =3, ag = —1,

which gives

Then we have
2Ly s — 4Lk nya + 3Lk g3 — SLx 2 + 2Lk i1 + 3Lk — L1 =0, n > 1.

Example 5.3.12. Let f(z) = (#® — z — 1)z" and let p(z) = (x — 1)(22> + = + 1). Then g(z) =

f(z) - p(x) = 22" — 3™ — g3 4 2" 4 2™ Replacing each z™7 by F, i, we have
2Fn45 —3Fh44 — Fpis + Fry1 + F, = 0. (5.38)
The coefficients are
ag=2, a1 =-3, aa=—-1,a3=0, ag =1, a5 =1,
which gives
Z a; = 0.
Then we have

2£k,n+4 - 3£k,n+3 - Ek,n+2 + Lk,n + [fk,n—l =0, n>1
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[e.e]

5.4 Series Z 1%:11

n=0

5.4.1 Main Results

In our main theorem, we will use the following lemma:

Lemma 5.4.1. Suppose |t| < 1. Then
oo
> o=y
n=0 —t

Theorem 5.4.1. (Liu and Shiue [54]). Let {a,} satisfy the second order linear recurrence sequence
defined in (5.2). Suppose a and [ are two different roots to the characteristic equation 2’ —pr—q =

0, k is a positive integer, and r > 1 satisfying

logr —‘
k< . 5.39
PSR >:39)
Then
ak+1_ k+1 ak_ k
i Qni _ GOT — G0 a,g +a - a,g (5.40)
N ) R D R |

n=0
Proof. From Theorem 5.3.4 and Lemma 5.4.1, we have
oo

Zank_}oo ai — Bag\ o™ (a1 —aag) f"F
potl g — a—f rn a—pf rn

n=0

1 a1 — Bag\ —= a"* a] — aag o

—r[( ) 2 (5 )Z}m]

1 a1 — Bag r a] — aag r

WK a—p >r—ak_< a—p >r—ﬂk]

1 (a — B)agr — ag(aFt — BEFL) +aq (¥ — BF)

= e |
apr — agp ak+; gkﬂ az:gk
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Note that Lemma 3.1 can be used because (5.39) is equivalent to

I

which is necessary criterion for the convergence of the present geometric series. O
If the characteristic equation 22 — px — ¢ = 0 has repeated roots, we have a similar result.

Lemma 5.4.2. Suppose |t| < 1. Then

t" =
Z " 1 — t)
Proof. Differentiate the geometric series in Lemma 5.4.1 with respect to ¢, we have

Hence,

O]

Theorem 5.4.2. Let {ay} be satisfied the second order linear recurrence sequence defined in (5.2).

logr
Suppose « is a repeated root to the characteristic equation 2> —px—q = 0 and satisfy k < {1 g‘ ‘-‘
og |«
Then
. ank ~agr — (k+ aga® + kajaF=! 5 41
Z potl T (r _ ak)2 ) ( ’ )
n=0

where k is a positive integer and r > 1.

Proof. By Theorem 5.3.4 and Corollary 5.4.2, we have

o0 o0 _ o0

Z Ak nkaja™ 1 (nk — 1)aga™*
ntl — Z n+1 o Z n+1

n=0 " n=0 " n=0 "
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n= n=0
k k
_ kay = kag = ag 1 .
= . 5+ — -
ar ok r ak roo1]— et
(1-2) (1-2) r
ka1 kagaF ag

C(r—ak)? B (r — ak)? +T—a’f
_agr — (k+ L)aga® + kaja !
N (r — ak)?

| k

1
X w if and only if 1%

Note that the condition k < { < 1, which guarantees convergence of the

log |cv|
geometric series seen in the above steps. We then impose the ceiling function since k is a positive

integer. O

1 k
Remark 5.4.1. In future proofs, the equivalence between k < L 0g;|7“|—‘ and |oz7 < 1 will be
og |a r
exercised implicitly, trusting that the reader will recognize when it is used. Similarly, the equivalence
1 k k k
between k < [ 08T —‘ and max{|a1’ , 2] Y || } < 1 will be used
log(max{|ai],|azl, ..., |an|}) r r r

in the later sections.

Remark 5.4.2. Let a be fized and 8 — « in the right hand side of (5.40). Since
N k—1
= I jrk—j—1 =k k—1
e jzoa b “ o

then the limit of the right hand side of (5.40) is the same as (5.41).

Example 5.4.1. Let a,, = n, where ag =0, a1 = 1, and a, satisfies
ap = 2ap-1 — Gp—2, N 2> 2.

The characteristic equation is ©* — 2z +1 = 0 has two repeated roots. By Theorem 5.4.2, we have

— nk  k .
Zr”+1_(r—1)2’r>'

n=1

n

(o] o
For example, let k =1 and r = 2, we obtain Z onfl = 1 that leads to Z 2% = 2.

n=1 n=1
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Example 5.4.2. Let {a,} be an arithmetic sequence with ag = 0 and common difference d such

that a,, = a + nd. Since {a,} satisfies
ap =2ap-1 — Gp—2, N 2> 2,

we have by Theorem 5.4.2 that,

[e.e]

Za+nkd_a(r—1)+kd s
e+l T (r—1)2 )

n=0
If we let 7 = 2, we obtain

o0

kd
Z%:aJrkd.

n=1

When k =d =1 and a = 0, we have the result in Example 3.1.

Remark 5.4.3. Example 5.4.2 can be used to find a closed expression for

Z T"'H :
n=1
We start with the calculation
2 00 2 2
n n n
(T_l)z n+1:Z e
n=1 r n=1 r r
1 & (n+1)2—n?
~r Z yn+l
n=1
1 i 2n+1
N r n=1 Tn+1
1 r+1
oy + (r—1)2

where the last step comes from applying Example 5.4.2 witha =k =1 and d =2. Then

n 1 (1 r+1\ 27—r+1
r—1 B

potl ;+(r—1)2 r(r—1)3 °

n=1
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Remark 5.4.4. Ezample 5.4.2 and Remark 5.4.3 can also be used to find a closed expression for

3

Tn+1'
n=1

A similar process to Remark 5.4.2 yields

n=1 n=1
1 (n+1)3 —n?
= -+
r rntl
n=1

1 32 +3n+1

r rntl

n=1

3n+1
7+?’Z rntl Z :n—i-l

1 2r —1"—1—1 r—+2

ST oy T o

where the last step comes from applying Remark 5.4.2 and Example 5.4.2 witha =k =1 and d = 3.

Then
i n3 _ 23 4 4r2 —2r + 4
pntl r(r—1)*
n=1

Remarks 5.4.3 and 5.4.4 culminate into the following theorem that generalizes inductively to

integral powers.
Theorem 5.4.3. Let k,r with k a positive integer and r > 1. Then

-1 k\ o= nk—2 “n
+<2> T ;TH>+r

n=1

Oon Oonk
7"—125 7 7"—].
T
n=1 n=1

In particular, if r = 2, then

[e I [e§)
Y (o) X

n=1 n=1 n=1

Proof. Let S be the series,



1

Treating S as a power series g nFz" where z = =, one can easily use the ratio test to find that
r

the radius of convergence is 1. Thus, S converges for |z| < 1, or r > 1.

Then algebraic manipulation begins by noting that

ok _ 1k 3k _ 9ok

rS—8 =1+ + NI
r r2
and so,
e k k
n+1)"—n
(r—l)S:Z( T)n +1
n=1
kY, k—1 kY, k—2 k
_i(l)n +(2)” +"'+(k 1)”4'1+
= g
n=1
k-1 © k-2 o0 o0
n k n n 1
=k () e e S Y
n=1 n=1 n=1 n=1
o k-1 o k-2 oo
n k n n
=k () R ey
n=1 n=1 n=1
Hence,

= nk . k-l E\ o= nkf—2 = n
(r—l)QS:(r—l)ZZT—n:(r—l) (kz = +<2>Z o +“'+kzrn>+’"-
n=1

Example 5.4.3. Making the following substitutions into Theorem 5.4.3, we calculate

r=2k=2 Zz—n:QZr—n+2:6
n=1 n=1

r=2k=3 227:3227%27”%:26
n=1 n=1 n=1

r=2k=4: 27:422—”+622—n+422—n+2:150.
n=1 n=1 n=1 n=1

Remark 5.4.5. Let {a,} be a second order linear recurrence sequence satisfying (5.2). If a; =

aag # 0, where o is a root of the characteristic equation x° — px — q = 0, then substituting into the
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formula of Theorem 5.8.4, it can be deduced that (regardless of whether the characteristic equation

has repeated roots) a, = apa”; therefore, {a,} forms a geometric sequence. If k is a positive integer,

k oo
Ank 3 . . O Ank A
{ TZH} also forms a geometric sequence with the common ratio —. Hence, g TZH converges if
r r r
n=0

k
and only if ‘a— < 1.
T

On the other hand, if it is known that {ay,} is a geometric sequence satisfying (5.2) with the

common ratio d, substituting n =2 in (5.2) yields
a0d2 = p(aod) + qaop.

Dividing both sides by ag, we obtain d*> = pd + q. Hence, d is the root of x* — px — q = 0.

o0
When k = 1, the formula Z I can be further simplified:
rn+l
n=0
Corollary 5.4.4. Let {a,} satisfy the second order linear recurrence sequence defined in (5.2).

Suppose o and 3 are two roots to the characteristic equation x> —px —q = 0 such that la, |B] < 7.

Then
i an  ag(r —p)+a
+1 2 _ :
s rh T pr—q

Proof. In Theorem 5.4.1 and 5.4.2, regardless of whether z? — px — ¢ = 0 has repeated roots, i.e.,

a = f or a# 3, we have

o

an  aor —ap(a+ B) +ax
2= o) 5)

aor—ao(a+ﬁ)+a1

2 —(a+B)r+af’

n=0

Furthermore, from the relationship between the roots and coefficients of the quadratic equation

Oé+,8:p, O‘ﬁz_q’
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we have

= forr—g

i an _ao(r— )+a1

O]

Remark 5.4.6. Alternatively, we may prove Corollary 5.4.4 in the following way. This way, we
(o)

a
do not need to use the roots of the characteristic equation to prove the formula g Tj—l However,
r
n=0

we will still need the roots to prove the convergence ofz pESE

n=0
Proof. Let apt+2 = papt1 + qay,. Then
o0
R Z
ptl - pntl p+1’
n=0 n=0
Since
. a
n+2 2
D= Z St — (rao +a1),
n=0
o0 o0
Sy
n+l nt1 Y0
n=0 r n=0 r
we have
2
Z R (rao + a1) PTZ RO Paoﬂz L
Then
> a
2 n__
(=) Y = (- pao -+ an.
n=0
Hence,
o0
Z an _ ao(r—p) +ay
ntl 2
= r2 —pr—q
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The next corollary focuses on the special case p = ¢ =1 and r = 10.

Corollary 5.4.5. Let {a,} satisfy the second order linear recurrence sequence a, = ap—1 + Gp—2

forn > 2. Then

o0

Z anp  9a0+a;
o+t 89

n=0

Proof. Applying Theorem 5.4.1, we obtain

2_ .2 _
Yoo _ 1000 —ag- G- - 555
0T T (10— 9)(10—9)

~ 10ag —ao(p+ )+ a1
100 — 10(¢ +¢) + ¢t
~ Y9a0+ay
©100—10—1

_ 9a0+ay

89

o0

[o.¢]
F
In particular, if ag = 0 and a1 = 1, we have Z an_ _ Z o
n=0

107+1 107+

n=0

5.4.2 Lucas Sequence of the First Kind

1

%9 (Long [55]).

Definition 5.4.1. (Niven et al. [63], Sloane et al. [84]). A second-order linear recursive sequence

{un} is called a Lucas sequence of the first kind if it satisfies

Up = PUp—1 + qUn—2,

for some constants p,q # 0 and initial conditions ug =0, uy = 1.

(5.42)

Theorem 5.4.6. Let {u,} be the Lucas sequence of the first kind. Let o and (3 be two roots of the

characteristic equation => — px — q¢ = 0 and satisfy

b e Logmafﬁ;r, M ’
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where r > 1. Then

Z Unk _ Ug
LT (b g ARy T ()R

n=1

Proof. Note that

,Bk

r

log r

b [mg(max{ra\, ED

Y

—‘ if and only if max{

ok
r

bt

which is a necessary criteria for the two theorems used in this proof.

When «a # 3, we apply Theorem 5.4.1. Then for ug = 0 and u; = 1, we have

ak—ﬂk

Unk a—pf
2T = ok =
U U
G aR) B (kT A T (B
_ ug
=P B ()

On the other hand, if a = 8, we have by Theorem 5.4.2,

o0 —
Z Unk kak—1 B U,

o il (r—ak)2 2 — 2rak 4 a2k

Theorem 5.4.7. Let {u,} be the Lucas sequence of the first kind. Then

>\ Up—1 1 a(r — ak) — B(r — Bk) logr
S et <

n=0
where o, B are Toots to the characteristic equation x> — px — ¢ = 0.

1
Proof. Let w,, = uy—1, then wy, = ug,_1 with wg = — and w; = 0. Then
q

k+1 k+1 k k
00 ) _ Lot =p L a"-p
Z Ukn—1 _ Z Whn WoT" — Wo ap _ TWi g
o n+l r— o) (r = Bk
2 2 e Ty
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1 a1 _gh+l

q a—p

r—af)r = 5)

_ v [rla=p)— (@t — g

_qm—ﬁ)[ (r—a®)(r—p") ]

o PW—@@—BW—BW}
qla—B) L (r—aF)(r—pF)

r
q

=r

(

Theorem 5.4.8. Let {u,} be the Lucas sequence of the first kind. Then

> Upng1 1 a(r — *) — B(r — a¥) log r
2 = 2 () < | |

2

where o, B are roots to the characteristic equation z* — pxr —q = 0.

Proof. Let wy, = tn4q for n > 0, then wy,, = ugpy1 for n,k > 0 with wg = w3 = 1 and w; = ug =

pui + qug = p = a + B. Then using Theorem 5.4.1, we have

k41l _ k41 k_ gk
iumurl:iwkn :T_a O‘*g +(a+’3)aafg
~ rntl ~ rn+1 (r — ak)(r — k)

r(a—B) — (@' = ) + (a + B)(e* — 5¥)
(o= p)(r —a*)(r—p*)
_ 1 <a&—ﬁﬂ—5ﬁ—aﬁ>

“a—F\ -l -pY
O]
A generalization of Theorem 5.4.8 can be found in Melham and Shannon [58].
Example 5.4.4. (Long [55]). Let {F,} be the Fibonacci sequence, i.e.,
Fn=F, 1+ Fho,
) 1+V5

with Fy = 0 and F; = 1. The characteristic equation is x° —x — 1 = 0. The roots are o =

2
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1—+/5
and B = . By Theorem 5.4.6, we have

> Fo (1+2\/3 k_(l_Q 5)k logr
N S ey el

Let r = 10, then only k = 1,2, 3,4 satisfy the condition for convergence. We have

=~ F, V5 1

nzz;) 107+~ V5 (10 - 1+2\/5) (10 - 172\/5) ~ 89’ (5.44)
= F2n . \/5 _ i

nZ:O 10n+1 o \/5 10 — <1+2 5)2) (10 B (1_2\/5)2> - 71’ (545)

N 5
= 1on+l — /5 (10 <1+2\/5>3> (10 } (172\/5> > =59 (5.46)
i 3 = g -2 (5.47)

Corollary 5.4.9. Let {F,} be the Fibonacci sequence. Then by Theorem 5.4.8,

o Bl 1 (00 —%) —w(r — )
2 Wﬁ( (r = 5)(r =) ) (548

1 1-— 1
where ¢ = +2\/5, P = 2\/5, and k < Lg:;—‘. Furthermore, if r = 10 in (5.48), then only
k=1,2,3,4 satisfy the condition for convergence. Thus,
0 T B\ - ¢><r - w> o) |
L (L B ) 0
10+ /5 (r—¢2)(r— ¢2) 71’ ’

n=0

5 (%
i Fangr (¢> r— ¢3 (r— ¢3)> _9 (5.51)
5 (7

+1 E
o 107 \f

i Fangr 1
+1
o LRV

or = ¢4 r— (’54)) 5 (5.52)
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Example 5.4.5. (Ward [93]). Let ag =0, a1 = 1, and a, = 4ap—1 — apn—2, n > 2, i.e., {ay} =
{0,1,4,15,56,---}. The two roots of the characteristic equation 2 —dr+1=0aea=2+V3

and B =2 — /3, and satisfy o+ B =4 and o8 = 1. Hence, from Theorem 5.4.6, we have

o)

Ank ag
= 9.53
Z rn+1 r2 — (Oék + /Bk)r + 1’ ( )

n=1

logr
log(2 + v/3)’

with the condition for convergence k < r > 1€ R. With some calculations, we obtain

o’ + 8% = (a+ B)? — 228 = 14,
o + 3% = (a® + B%)(a+ B) — af(a+ B) = 52,

al + ' = (o’ + B%)(a + B) — ap(a® + %) = 194,

In fact, using Girard-Waring formulas (Gould [25], Lidl and Niederreiter [51]), we can directly

compute o + B* for larger values of k:

,_
MBS

J

kit = 3 s )k 9 )
m=0
)
N <k %m> (—1)mgb=2m,
m=0

For k =1,2,3,4, we can express (5.53) more clearly:

[e.e]

(O 1 o
Zr"+1_r2—4r+1’ k=1

n=1
[eS)

U2n 1 .
Z rrtl 2 4 4+ 17 if ’

n=1

. u 1
3n .
Z rntl 2 59 417 if ’

n=1

U 1
4n .

= k=4.
Zr”“ r2 —194r + 1’ i

n=1
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Example 5.4.6. Let {B,} be the sequence of balancing numbers satisfying
B, =6B,_1— Bn72> n > 27

with By = 0 and By = 1. The characteristic equation for (5.54) is 2> — 6z 4+ 1 = 0. The roots are

a=3+2vV2 and 8 =3 —2V2. By theorem 5.4.6, we have

>~ Do _ = _ logr
nz::l 2 e (34 2v2)k + (3 - 2v2)k) + 1 b Log(?) + 2&)} ' (5:54)

Let r =10, then only k = 1 satisfies the condition for convergence. Thus,

=101 100 - 10(6) +1 417

Example 5.4.7. Let {P,} be the sequence of Pell numbers satisfying
Pn:2pn—1+Pn—27 TLZQ,

with Py = 0 and Py = 1. The characteristic equation for (5.55) is 2° — 2z — 1 = 0. The roots are

a=1++vV2 and 8 =1—+/2. By theorem 5.4.6, we have

>~ L _ Fi _ logr
; 2y (1 +V2)k + (1 — V2)k) + (=1)F’ h< [log(l + ﬁ)-‘ ' (5.55)

Let r =10, then only k = 1,2 satisfy the condition for convergence. Thus,

> P, 1 1
Z:: 10m+1 100 —10(2) —1 79’ (5:56)
> PQn 2 2
nzl 10mt1 ~ 100 — 10(6) +1 41’ (5:57)
By Theorem 5.4.7, we have
— Pin1 1 (L4 V2)(r = (1+V2)F) — (1= V2)(r — (1 = v2)¥)
2 "5 - VDI 1 V2R) -

n=0
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Let r =10, then for k = 2, we have

712_:0 10271—& - 22 [ a1 ] VTR (5.59)
By Theorem 5.4.8, we have
S Pon 1 [(1+VD0— (1= VDY) ~ (1 - VD~ (1 + VD
nz:;) il 2y/2 (r—(1+V2)k)(r — (1 —V2)k) : (5.60)

Let r = 10, then for k = 2, we have

o0

Py 1 [18v2] 9
P v2i_ 9 (5.61)
10 2v2 | 41 41

P,
Remark 5.4.7. It is known that B, = % (Panda and Ray [65]). We have

= B & B 1

2 _ n_o_ _—
Z 10n+1 - Z 107+~ 41"
n=1 n=1

Example 5.4.8. Let {M,} be the sequence of Mersenne numbers satisfying
M, = 3M,, 1 — 2Mn—27 n > 2>

with Mo = 0 and M; = 1. The characteristic equation is ©> — 3z +2 = 0. The roots are o = 2 and

B8 =1. By theorem 5.4.6, we have

[e.e]

M, M 1
Z ni’; =2 k - k> {ogr-‘ : (5.62)
—r r2—r2k4+1)+2 log 2

Let r =10, then only k = 1,2, 3 satisfy the condition for convergence. Thus,

= M, 1 1
— — 5.63
nzl 1071 7100 — 10(3) +2 72’ (5.63)

- 1
> Mo k 5L (5.64)

1071 100 —10(5) +4 54 18’

n=1
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(e}

MSn 7 7
= = —. 5.65
2 1071~ 100 — 10(9) +8 18 (565)

n=1

Example 5.4.9. Let {J,} be the sequence of Jacobsthal numbers satisfying
Jn = JIn-1+2Jp—2, n > 2,

with Jo = 0 and J; = 1. The characteristic equation is 2> — xz — 2 = 0. The roots are o« = 2 and

8 =-1.
By theorem 5.4.6,

o)

Tk Ji log r
= k . 5.66
2 = A @ g (D § (o F S [logJ (56

n=1

Let r =10, then only k = 1,2, 3 satisfy the condition for convergence. Thus,

o0

JIn 1 1
= = 5.67
Z o+t 100-10—2 88’ ( )

n=1
9]

Jon 1 1
= = — 5.68
nzl 1071~ 100 — 10(5) +4 54 (5.68)
o

J3n i 3 B 3
Z 107+t 100 —10(7) — 8 22° (5.69)

n=1

5.4.3 Lucas Sequence of the Second Kind
Definition 5.4.2. (Niven et al. [63]). A second-order linear recursive sequence {vy,} is called a

Lucas sequence of the second kind if it satisfies

Up = PUn_1 + qUn_2, (5.70)

for some constants p,q # 0 and initial conditions vg = 2, v1 = p.

Theorem 5.4.10. Let {v,} be the Lucas sequence of the second kind. Let o and B be two roots of
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the characteristic equation x® — px —q = 0 and satisfy

k<[bam;ﬁgﬁmnw

Then

> Unk 2r — (ozk + Bk)
Z prtl T 2 (a* + BE)r 4 (—q)*” (5.71)

n=0

Proof. By Theorem 5.4.1, we have

okl _ghtl ok —gk
Upk vor—vo-T—H}l- =
;;;r”“ N (r = aF)(r — p¥)
~ A g (rla =)~ 2k = ) e - )
= e (e - et )
_2r—(aF 4Ry 2r — (o + 8¥)

S (r=ab)(r=pF) = (ah+ BR)r 4 ()b

O
Example 5.4.10. Let {L,} be the sequence of Lucas numbers satisfying
Ly=1Lp1+Lp2, n=>2,
1 )
with Lo = 2 and Ly = 1. The characteristic equation is °> —x — 1 = 0. The roots are o = +2\[
1—+/5
and = Q\f.

By Theorem 5.4.10, we have

o (1vBY* L (1=vB)”
Z I:ikl _ 2 [( k2 ) +< ]j ) } k< |7101g7:/5“ ) (5.72)
) 2 [(1-&—2\/5) +(55) ]r+(_1)k log(1Hy2)
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Let r =10, then only k = 1,2, 3,4 satisfy the condition for convergence.

[e.9]

n=0
oo

n=0
oo

n=0
oS

n=0

Z L, ~ 20-1 19
101 100—10—1 89’
S Ly, ~ 20-3 17
01 100—-30+1 71’
ZLgn . 20-4 16
101 100—40—1 59’

Z L4n o 20—-7 _B
10n+1  100—704+1 31

Thus,

(5.73)

(5.74)

(5.75)

(5.76)

Example 5.4.11. Let {S,} be the Fermat sequence of numbers of the second kind satisfying

Sn = 3577,—1 - 2577,—27 n > 2;

with Sop = 2 and Sy = 3. The characteristic equation is ©> — 3z + 2 = 0. The roots are & = 2 and

8 =1.
By Theorem 5.4.10, we have

o0

3 Shk 2r — (28 4+ 1)

prtl o2 (2k 4 1) p 4 2K

n=0

log r
= {logJ '

Let r =10, then only k = 1,2, 3 satisfy the condition for convergence. Thus,

i Se  20-3 17
0m1  100—-30+2 72’

n=0
oo

n=0
oS

Example 5.4.12. Let {Q,} be the Pell sequence of numbers of the second kind satisfying

10n+1 100 —50+4 54’

Z Sz 20-9 11
101 100—-90+4+8 18’

Qn = 2Qn—1 + Qn—27 n = 27
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with Qo = 2 and Q1 = 2. The characteristic equation is x> — 2z —1 = 0. The roots are o = 14+ V2
and B =1—2.
By Theorem 5.4.10, we have

= Que 2= (14 V2 (1 -VD)) logr
r;) e ((1 +V2)F + (1 - ﬁ)k) r 4 (=1)k k< [log(l i \/i)—‘ : (5.81)

Let r =10, then only k = 1,2 satisfy the condition for convergence. Thus,

= Qn 20— 2 18
— - = 5.82
HZO 107+t 100—-20—1 79’ (5-82)

o0
20 — 6 14
> Q2”1 = = (5.83)
10 T 100 - 60+ 1 41

Example 5.4.13. Let {J,} be the Jacobsthal-Lucas sequence of numbers satisfying
jn = jnfl + 2\-77],727 n > 2a

with Jo = 2 and Jy = 1. The characteristic equation is 22— 2 —2=20. The roots are « = 2 and

8 =-1.
By Theorem 5.4.10, we have

Pl T 2 (2R (C1)R) ot (—2)F log 2

n=0
Let r =10, then only k = 1,2, 3 satisfy the condition for convergence. Thus,

[e.9]

TIn 20— 1 19

— =2 5.85

T; 107+t 7 100—10—2 88’ (5.85)
> Jon 20 -5 15

— -2 5.86

;) 1071 100—-50+4 54’ (5.86)
—~ Jsm  20—7 13

;::) 0m1  100—70—8 22 (5-87)
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5.4.4 Leonardo Sequence and Generalized Leonardo Sequence
In this section, we will present results involving the Leonardo sequence and the generalized
Leonardo sequence mentioned in Section 5.3. Some definitions, theorems, and corollaries are re-

peated here for readability.

Definition 5.4.3. (Catarino and Borges [11]) A second-order linear recursive sequence {Ley} is

called the Leonardo sequence if it satisfies
Le, = Lep—1+ Lep—o+ 1, (5.88)

with Leg = 1 and Leq = 1.

Next, we will us the generalized Leonardo sequence {L,, ,} as follows:
Definition 5.4.4. (Kuhapatanakul and Chobsorn [45]). The generalized Leonardo sequence { Ly, »},
with a fixed positive integer m, is defined by

ﬁm,n = ﬁm,n—l + Em,n—Z +m, n>2, (5'89)

with the initial conditions L0 = L1 = 1.

Theorem 5.4.11. (Kuhapatanakul and Chobsorn [45]). The closed formula for the generalized

Leonardo sequence {Ly,pn} s
Lonm = (1+m)Fpp1 —m. (5.90)

Corollary 5.4.12. (Catarino and Borges [11]). Let {Ley} be the classical Leonardo sequence be

defined by Le, = Le,_1 + Le,_o + 1, n > 2 with initial conditions Ley = Le; = 1. Then
L€n = 2Fn+1 — 1.

Theorem 5.4.13. Let {L,,,,} be the generalized Leonardo sequence defined in Definition 5.3.1.

1++5 1-+/5
2

Let ¢ = 5 and 1 =

be two roots of the characteristic equation x> —x —1 =0 and
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satisfy

logr
k< |—————1.
Log(l?/gJ

Then
- Em,k‘n o (1 + m) ¢(T B ¢k) — ¢(T B ¢k) m
Y= (et ) 90
Proof. Using (5.90) and Theorem 5.4.8 yields
= Longn s (1 +m) gy
Z Tn+k1 - Z( Zfﬂk - Tﬁl)
n=0 n=0
= Fn m e (1\"
-y -3 ()
_(+m) <¢<r—w> —y(r ¢>k>> o om
R e [ R A ¥
]
Corollary 5.4.14. Let m =1 in Theorem 5.4.13, i.e., L1 jpn = Leyy,. Then
o Lewn 2 (0(r —¢F) —o(r — ¢F) 1
Y- (e ) 592
1+ V5 11— V5 log r
where ¢ = 5 , V= 5 ,andk<[log¢—‘.
Proof. Let m =1 in (5.91), we have
> L1 kn = Leg,
z;) r:zfl = z% Tn—&]fl
2 <¢<r—wk> —w<r—¢k>> 1
VB (r—¢F)(r— k) r—1
1+ V5 11— NG log r
where ¢ = ) , = 5 ,andk<’rlog¢-‘. O

Example 5.4.14. Letr = 10 in (5.92), then only k = 1,2, 3,4 satisfy the condition for convergence.
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Thus,

> o= o () - - )
I e e R A
ni:% 1L0i3+"1 \35 <¢(1(010_—¢;)3)_(1ﬁ(i0¢;)¢3)> - 101_ 1= %v (5.95)
2)1%4“ B 55 <¢(180_ - ;lilﬁ(iow_%&)) 1o~ 7 (5.96)
Next, we will consider a version of the Leonardo-like sequence {C,(a,b,m)} defined by
Cn(a,b,m) = Cn1(a,b,m) + Cnz(a,b,m) +m, (5.97)

with Cy(a,b,m) =b—a —m, Ci(a,b,m) = a, and m is a constant (Bicknell-Johnson and Bergum

[8]). The generalized Leonardo sequence arises as a special case of C,, :
Ln = Cn(1,24+m,m).

Lemma 5.4.3 (Bicknell-Johnson and Bergum [8]). . Consider the Leonardo-like sequence {Cy,(a,b,m)}
as defined in (5.97). Then

Cn(a,b,m) =aF,_o+ bF,_1 + m(F, —1).

The proof of this lemma can be found in (Bicknell-Johnson and Bergum [8]).

Theorem 5.4.15. Let {Cy(a,b,m)} be the Leonardo-like sequence. Then

i Cin(a,bm)  (r—¢F)(b—a)p—m—a) — (r —¢*)(b—a)p —m—a) m

RS V(1 — ¢k (1 — k) r—1°

n=0
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Proof. Using Lemma 5.4.3, we have

= Ckn(a7 b7 m) = Fkan kn 1 Fkn > 1
Z rntl ZGZ rntl +bz rn+l tm Z ol Zrn-&-l'
n=0 n=0 n=0 n=0
: : o . . 1++5
We will deal with the series involving the Fibonacci sequence separately. Denote ¢ = 5 and
1—
P = \/5 Then
2
i Fino B i 1 <¢kn2 _ wan)
n+l1 E n+1
n=0 " n=0 \/5 "
S (F) i (Y)
-w5%(7) AL
1 1 1 1
re?V5 \1- < ) 25 \1- 2
:1<¢4w—wﬂ—w v—¢ﬂ>
V5 (r = ¢F)(r — )
Next, by Theorem 5.4.7, we have
— F 1 (¢(r— ") —o(r —¢¥)
Z kn—1 _ 1 ( r r > '
e YA e D )
Next, by Theorem 5.4.1, we have
iFkn _1< pF — ¥ )
2T = s\ = —F))
Putting the above together, we obtain
- Clcn(a7 b, m) - Fkn—2 - Fkn—l - Fkn - 1
Z:o RS | ZGX% RS | +b2) RS +m2%rn+1 _mZ:OTnJrl
_a <¢2(7" — ) — ¢ (r - ¢'“)> L <¢(7" — ") —¥(r - W))
V5 (r = ¢F)(r — ) VB (r=¢M)(r—vh)

m PF — ¥ _m

*ﬁ(@—&W—wQ r—1

(r— o) (—ap2+bp—m)+ (r—Y)(ag 2 —bp+m)  m
VB(r — R)(r — o) ro1
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=M (b-a)p-—m—a) - (r—¢")((b-a)p —m—a)
V5(r = ¢F)(r — yF)

We can generalize further by letting {w,, (wo,w1,p,q,t,j)} be a sequence of order 2 satisfying

the non-homogeneous linear relation in the following form (Shannon et al. [75]):

Wy = pWp—1 +qup—2+(pPp+q—1){n+j), n>2,tj€Z,S (5.98)

where wg, w1, p, ¢ are given constants such that p 4+ g # 1.

Lemma 5.4.4. (Shannon et al. [75]). Let {w,(wo,w1,p,q,t,7)} be the sequence as defined in
(5.98). Then

t 2
Wy, = wn(w07w17p7 Q7070) + <] - m) (wn(17 17p7Q7 070) - 1) + t(wn(oa 17p7 Q7070) - n)

Theorem 5.4.16. Let {wy(wo,w1,p,q,t,7)} be the sequence as defined in (5.98). Then

) w,, (r—p)wo+w1+(p+q—1)(%+ﬁ) 9
nZ:%TnH - r2—pr—q . (5- )

, with r > 1.

Proof. Let S be the desired series, i.e.,

= w
n
S = Z pr+l”
n=0
Consider the straightforward calculations

o0

oo oo oo

St S e (S ) 3
N e+l pntl r - -+l 05

n=0 n=1 n=0 n=0

o0

! . N (5.100)
Wn+2 9 Wn o Wn, w1 Wo | o Wn,
zwﬂ—rzwﬂ—r@: —-—-) 23
n=2

77%_'_1 rn-‘rl — w1 — rwo.
n=0 n=0
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From (5.98), it is clear that

i Wntd _ ipwnﬂ +qup + (p+ g — 1)(tn + )

+1 +1
n=0 ™ n=0 r
) w %) w %) %) 1
+1
DB ) R 1) DEAN (Rt) gy
n=0 n=0 n=0 n=0

Then by (5.100), we get

n N wnp1r HpF+q—1) o=~ (1\" jp+qg—1) = [1\"
o5 =3 S -pd g - DS (1) ey ()

n=0 n=0 n=0
tp+q—1 1 ip+q—1) 1
= (Sr% — wor — wy) — p(Sr —wg) — (ptg—1) T12_‘7(p ¢—1) .
T (1 — ;) r 1-— -
tp+q-1) jlp+q—1)
Q2
= S(r° —pr) —wor — pwy — wy — S A
Solving this equation for S yields the desired equality. O

5.4.5 Linear Recurrence Sequences of Order Three
We now analyze the natural corresponding results for sequences of order three. First and
foremost, we derive a closed form expression for third order linear recurrence sequences. A matrix

representation for the closed form can be found in He et al. [28].

Theorem 5.4.17. Let {a,} be a sequence satisfying the third order recurrence relation

p = Pan_1 + qan_o + tay_3, n >3, (5.101)

for some constants p,q,t # 0 and initial conditions ag,a1, and as. Let «, 5,7 be roots of the
characteristic equation x> — px® — qu —t = 0. Then we have the following third order analogue of
Theorem 5.3.4:

ar(B+7) —aoBy—az ,  ai(a+7)—aoay — ai(a+B) —aoaff —az ,

@=-AG-a) * T @-AE-1) =+ R I G
"o %anﬂ * G(OJ—;;Q o+ 40F aﬂ)y:zom — 2 a4 W’W, ifa=p#7,
5 [ao(n — 1)(n — 2)a” — 2a1n(n — 2)a" " + aan(n — 1)a" ], ifa=p=".
(5.102)
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Proof. First, suppose that «, 3, are all distinct. By Vieta’s formula, we have

p=a+tf+y
q=—(af + By +~a)

r = afy.

Substituting these into (5.101) yields

Qp = (a + B+ V)Gn—l - (04,3 + 5'7 + 7a)an—2 + 045'7an—3-

This is equivalent to

Ap — (Oé + 6)an—1 + O‘ﬁan—2 = ’Y(an—l - (a + B)Gn—Q + aﬂan—S)a

which implies that the sequence {a,, — (a+ f)an—1+afa,—2} is geometric, with v being its common

ratio. Thus,

an — (@ + B)an_1 + aBan_o = (a2 — (a4 B)ay + aBag)y™ 2

which implies

anp, a+pB apn1  af apn—2 a2 — (a+ far + afag
,yn v ’ ,}/nfl o ? ’ ,7n72 72 :

We can make the substitution A, := a, /7" to yield the second-order nonhomogeneous recurrence

relation

a+

Ap = Ap1— Oé/B
Y

72

az — (a+ B)ar + aBag

An_o+
n ’yz

(5.103)

where Ay = ag and Ay = a1/7.
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Solving the corresponding characteristic equation

s a+f af  az — (a+ B)ar + afag
— $+?— "}/2 9

. This implies that the closed form for {a,} is of the form

An:cl<a>n+cz<ﬁ>n+cx (5.104)
v y

with undetermined coefficients cq, co, and C.

we get the roots = =

=™

)

=20

With C being a particular solution of A,,, it satisfies (5.103), and so

C:a+6-C—a—f-0+a2_(a+ﬁgal+a’8ao
Y Y Y
which implies
- a1(a+ B) —apaB —az

B=7(y—a)

Evaluating (5.103) at n =0 and n = 1 yields

ap=Ao=c1+c2+C,

EZz‘hzclg+62§+0»
Y Y v

respectively. This system of two equations with two unknowns ¢; and ¢z can be solved to get

~a1(B+7) —aoBy — a2
cl1 =

(a=B)(y—a)
ey = ar(a+7) — apay — az
(a=B)(B—")

Thus, multiplying both sides of (5.103) by 1" gifts us with

_a(B+7) —agBy —az , al(a+7)—a00f¥—a2ﬁm a1(04+5)—a00é5—a27n

O N gy /- By CERCED) (5.105)
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Now, supposing « = 8 # 7, we can simply let 8 approach « in (5.105). Starting with the third
term of the right-hand side of (5.105), we get

. ai(a+pB) —apaf — ag apa® — 2a1a + as
lim A" = ~™. 5.106
L Ty =y (5:106)

Treating the first two terms of the the right-hand side of (5.105) carefully,

lim [al(ﬁ +7) —aoby—az ,  ai(a+7) - aoay — az gn
B—a (OK—B)('Y_OK) (0‘_5)(5—7)

i [1B% =) —aoBY(B =) —aa(B =) @y o) —aeay(y —a) —ax(y —a) 4y
‘Am{ (@ B)B -7 —a) " 5]’

(a=B)B=7(y—a)

we employ L’Hopital rule to continue to

. [2&1ﬁ — 2a0By + apy? — a2,
= lim a4+
foal (@=28+7)(y—a)
~2a1 —2a0 1 apy? — az
=L e (N A2
(v—a) (v—a)

nai(y* — o®) —apay(y — a) —as(y - a)ﬁn_l}
(@ =28+7)(y—«a)

o na™ L (a (v + @) — apary — az) . (5.107)

e

Combining (5.106) and (5.107), we obtain the formula for a,, when o = 3 # :

C 241 —2a07 a4, @a0Y:—az ,  ai(y+a)—aay—az  , 1  aa’ —2aa+ay ,
ap = ————5 & + 5 n 3
(vy—a) (v —a) -« (v—a)

(5.108)

Finally, to get the case a = 8 ==y, we let v approach « in (5.108). Indeed,

1
ap = Hm a2 (2a1 — 2a07y)a""" + (apy” — az)o

+na" a1y + ara — agery — a2)(y — @) + (ape® — 2a1a + az)y"

Apply L’Ho6pital rule once, we have

1
ap, = lim

n+1
1—=a 2(y — )

— 2ap0 + 2apya + n’y"_l(aooz2 —2a1a+ ag)

+ na”_1(2a17 — 2apay — ag + a0a2) .
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Apply L’Hopital rule again and rearranging terms, we have the result for a = 5 = 7:

1
an = 3 ap(n — 1)(n — 2)a™ — 2a1n(n — 2)a™ 1 + agn(n — 1)a™ 2.

O]

Next, we consider criteria for convergence of the usual series. To do so, we introduce the

following lemma;:

Lemma 5.4.5. Suppose |t| < 1. Then

[ee]

om PP
E n°t" = 15
o (1-1)

Proof. Differentiating the series in Lemma 5.4.2 with respect to ¢, we have

i”zin_l: 1—t24: t+13'
~ (1-t)%  (1-1t)

Multiplying by t yields the desired result. O

Lemma 5.4.5 serves as the final stepping stone needed for the following result on convergence.

Lemma 5.4.6. Let {a,} be a sequence as defined in 5.4.17. Let o, 3,7 be the roots of its charac-

teristic equation that may or may not be distinct. Then the series

oo
an
Z ,,an+1

n=0

converges if r > max{|al, |5], |V}

Proof. Considering the first branch of (5.102), i.e., when «, 3, are distinct, we get

= an B a1 (B+7) —agfy —az o” 2 ar(a+7) — agay —ay ™
D D [ BT S Dy oy ey

ar(a+ B) —apaf —az "
B=Ny—a) i

oo

_a1(B+7) —aoBfy —a oy ar(e+7) —apay —az <~ (B
T a-BAh-a) ;}Q* ra—B)B—7) Z()

+

n=0
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o0
a1 (o + — apgay — a n
+ 1( ’V) [e%] 22(1) ’

Ha-AB-7 Z\r

lol 18] Il

r r r

where the geometric series in the above line converge when < 1. Or, equivalently, when

r > max{|al, |B], 7]}

As for the second branch of (5.102), another direct computation foretells

i an i 2a1 — 2agy a1 N i agy? —as o i a1(y +a) —apay —ag a7l
_— = _— N
ot Tn—i—l vt (,)/ _ a>2 7an—‘,-l vt (,-y _ (X)Q Tn—f—l vt v -« T.n—&-l
aoa — 2a1a +as "
+ Z rn—l—l
2 [e.e]
_ Ll ~ 2007 g (8) + =25 (2)
G-ar T\ Tia—ar g
oo 9 0o
a + a) —agay —a a\" aga’ —2a1a+ a n
X 1(y ) — apay 2Zn<7> 4 % 12 2Z(j>
ar(y —a) —\r r(y — ) e

where the same condition elicits convergence of the above series.

Finally, the last branch results in

o0

> it = 3 ot~ 12 S~ S 2mnto i + i~
=Zi[§;n2<i>"—3§n(r) 23 (2) } m[ion%iw;n(i)"}
a2 () e (3)']

where a special appearance of Lemma 5.4.5 guarantees convergence with the same condition.

O]

Behold, the main theorem of this section.

Theorem 5.4.18. Let {a,} be a sequence satisfying the recurrence relation in (5.101) and let

r > max{lal, 8], |1/, 1}. Then

i an _ aor’ + (a1 — pag)r + (a2 — par — qao)
Lt r3—pr2 —qr—t '
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Proof. Denote the series to be evaluated by S, i.e.,

S = Z rn—i—l

We first note that

00
an+3 Pan+2 + qan+y1 +tan an+2 An+1 Qn
Z rntl Z pntl - Z pntl T4 Z -+l + tz L’ (5.109)

Since we know from Lemma 5.4.6 that S converges, we can use the usual process to yield the

equalities:

> a > a > a a
n+l n n_ 70 o _
2 ot =72 g =7 | 2 = Sr—ap,

r
> Qa > Q. a a
2 0 1

E ntd _ QE =r? E "= — | =82 —apr — ay,
Tn-‘rl rn—i—l rrn—i-l r 7’2

a a a a1 a
n+3 3 .3 n_ 0 - 1 o 2 _ 3 2 o
) il 2 : ot > L = Sr —agr” —a1r — as.

n=0

Combining these in (5.109), we get

tS = (Sr3 — agr® — a1r — ag) — p(Sr* — agr — a1) — q(Sr — ayp)

= S(r° —pr? —qr) — aor® + (pao — a1)r + (qao + pa1 — az).

Upon solving for S, the desired result arises. ]

Example 5.4.15. The Padovan sequence {py} is defined by the recurrence relation
Pn = Pn—2+Pn-3, N =3,

with py = p1 = p2 = 1. The real root to the characteristic equation x> —x —1 =0 is o ~ 1.3247

(Plastic ratio, Shannon et al. [72]). Hence, for any r > 1.3247, we have

oo 2
p re+r
i : (5.110)

3
r r
n=0
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and in particular,

o0

pn 110 ~ pn 24
10n+1 = @ and 2n+1 = g (5111)

n= n=0

Example 5.4.16. The Perrin sequence {qn} is defined by the recurrence relation

Gn = qn—2 + qn—3, N >3,

with the initial conditions qo = 3,q1 = 0,99 = 2. For r > 1.3247, we have

o~ n 3r2—1 3r2—1

il (r—a)(r=B)(r—y) r—r—1

n=0

Example 5.4.17. A third-order linear recursive sequence {T,} is called a Tribonacci sequence if

it satisfies

Tn=Tn-1+ Tn—2+ Tn—3, n >3,

with To =0, T1 =1, Ta = 1. The real root to the characteristic equation 2° — 2> —x —1 =0 is

a ~ 1.8393 (Tribonacci constant, Hudson [37]). Hence, for any r > 1.8393, we have

o0
DL
A+l T 3 2 90

n=0

and particularly,

o0 o0
Tn 5 Tn

The series for the Tribonacci sequence was also discussed by Hudson [37].
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5.4.6 Series Value and Approximation

Example 5.4.18. Recall the sequence of Mersenne numbers {M,} from Example 5.4.8 defined by
M, = 3M,, 1 —2My_2,n > 2,

with Mo =0 and My = 1. Consider the speed of convergence of the partial sum

N
M,
T

n=1

1 _
From (5.63), this partial sum converges to 5 = 0.0138 as N — oo. Note that if N = 4, the
partial sum evaluates to 0.01385; if N = 5, it evaluates to 0.013881; if N = 6, we get 0.0138873; if
N =7, we get 0.01388857, and so on. In particular, for N > 4, the partial sum dominates 0.0138,

implying that the convergence is not slow.

Definition 5.4.5. We will say that two rational numbers with the repeating digits

pPip2 - Pn,

q192 - * * dm,

respectively, are called cyclic numbers if m = n and there exists an integer k such that 0 < k <n

and

Pi=qi+k, 0<i1<n.
Two numbers being cyclic are also commonly referred to as being in the same family.

Lemma 5.4.7. The distinct families of rational numbers of the form %, where 0 < a < 89, are

897897897 897897897897 897 897897897897 897 897897897897 89" 89’ 8989’ 89’
LULNBRTUTRON RTINS )

R {1245891()111617182021222532343639404244
1:

8978989789789’ 89789789789 89789789’ 8989789’ 89’ 898989’ 89’ 89’ 89
7,43 6 7 1213 14 15 19 23 24 26 27 28 29 30 31 33 35 37 38 4l 43
27 1897897897897897897 897 89789789789’ 89789789789’ 89789789’ 89’ 8989’ 89’
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46 48 51 52 54 56 58 59 60 61 62 63 65 66 70 74 75 76 77 82 83 86
897897897897897897 8978978989897 8978978989897 8978978989789 89 [’

where

% = 0.01123595505617977528089887640449438202247191,
% = 0.03370786516853932584269662921348314606741573.

1
The following theorem showcases how these two families further solidify the importance of —.

Theorem 5.4.19. Let F1, Fo be the families defined as in Lemma 5.4.7. Consider the sequences

10"  (mod 89 1 10 11 21 32 17 81 9
1= o= {0 ) sy
n>0

3-10" (mod 89 - 3 30 33 63 7 51 65 27
Sy = {bn}n>0 = { 8(9 )} = { : } .
n>0

Then F1 = 81, F2 = Sa, and {an} and {b,} satisfy the second order linear recurrence sequences

(p = Qp—1 D ap—2, N =>2,

bp =bp—1 D by—2, n>2,

1 b b d
0 bo iblz@ where — @ — = (a+b) (mo 89).

wz’tha—ia— = a
0= ggo™t — ~ 89’ 89’ 89 89 89

89 89’

Proof. Note that by definition of the sequence &1, we have

1072 (mod 89)

89
11-10™ (mod 89)

89
(10 4+ 1)10"  (mod 89)
89
10" (mod 89) 10" (mod 89)
89 * 89

An+42 =

= ap+1 D an.

The same process yields the relation for {b,}. O
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1
Theorem 5.4.20. Let — = (ror1 -+ 7¢)10 and let b be a positive integer such that b = 10* (mod m).
m

Then

b )
— = (rwr e rOT1 T .
m kTE+1 071 k—1)10

1 b
That is, — and — are cyclic numbers with a shift depending on b.
m m

For the proof of Theorem 5.4.20, please see Childs [16].

Example 5.4.19. Let m = 89. Then letting b = 10* (mod 89) and letting k run from 1 until the

process repeats, we obtain

1

— = (011235955---91)19, B°=10°=1 (mod 89
89

10

p— “ e 107 = = mo ,
9 11235955 - - 910 bt=10'=10 d 89
11

— = (1235955 --9101)19, b*=100=11 (mod 89),
89

21

—_— = o 105 = = mo s
- 235955 - -- 91011 »¥=110=21 d 89
32

_ = RS 10, E E mo s
9 35955 - - - 910112 bt =210 = 32 d 89
53 _ 5955 ---9101123)19, b°> =320=53 (mod 89),
89

8 _ 955---91011235)19, b° =530=285 (mod 89),
89

4

= . 105 = = mo

83 55---910112359 b" = 850 = 49 d 89
81 42

0= (910---82022471)19, b*2 =81 (mod 89)

9

9= (10---820224719)19, b¥ =9 (mod 89).

5.5 Conclusion
Jarden [38] has also considered Leonardo sequences from the point of view of the following

variation of the Leonardo equation related to equation (5.3):

Ap = Qp_1+an_2F1, n>2, (5.113)
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and the associated third order linear recurrence

bn = an,1 — bnfg, n 2 3,

to which the Leonardo sequences conform as in equation (5.3) with & = F1. In fact, Jarden
considers the sequences in Tables 5.3, 5.4, and 5.5, which can bring out the corresponding relations
with the Fibonacci and Lucas sequences. {u,} is the sequence of differences, and is related to the
generalized Fibonacci numbers of Jarden [38] in Table 5.10 and the hyper-Fibonacci and hyper-

Lucas numbers in Table 5.11 (Dil and Mez6 [20]) with further generalized and extended Leonardo

numbers.

(-=1) || o |1|2|34]5 |6 |78
U, || 1 |2/2|3/4|6 |9 |14]22
Vi || 3 |2]4]5]8|12|1930] 48
(+1) || o |[1|2|3]4]|5 |6 |78
U, || -1]0olo|1|2]4]7]12]20
Vi, || 1 lo]2]3|6|10]17]28]46

Table 5.10: Jarden’s example of equation (5.3) with k& = F1.

Table 5.11 below is copied from Table 1 Alp [2]. It shows the interested reader the salient features
of these sequences, both horizontally and vertically, as well as diagonally. Further properties to
be investigated include intersections between sequences (Horadam [31]) and step functions within

sequences (Chu et al. [17]). The last of these leads to s-Pascal triangles, as in Table 5.12.
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n |o]1|2|3|4|5 |6 | 7|8 9
FOlol1|1]2|3|5 | 8 |13]2 | 34
LO 2013 | 4|7 |11 ]18]2 | 47| 76
FV o1l 247 |12]2 |35 88
P23 6 |10]17] 28 | 46 | 75 | 122 | 198
FP o137 |14|2 | 46 | 79 | 133 | 221
L@ | 25|11 |21]38]| 66 | 112|187 | 309 | 507
FP o144 11]25] 51|97 | 176|309 530
L® | 2| 7] 18|39| 77| 143 | 225 | 442 | 751 | 1258

Table 5.11: Hyper-Fibonacci and hyper-Lucas numbers.

1 1
1]11]1 3
1123|211 9
1136 7]6 3 1 27
1141101619 16 | 10 4 1 81
1511530 |45 | 51 | 45 | 30 [15] &5 | 1 243
11621 |50|90 126 | 141 | 126 | 90 | 50 | 21 |6 |1 | 729

If we then add along the leading diagonals in Table 5.12, we seem to arrive at the Tribonacci

Table 5.12: A simple s-Pascal triangle.

numbers, which can generate third-order Leonardo numbers.

In a different, but somewhat similar manner, Lind [52] defined L(n,r) the r-th order nonlinear
binomial sum as the sum of the first r terms of the (n — 1)-th row of the ordinary Pascal’s triangle

plus the terms of the rising stair-step (or rising) diagonal originating at the r-th term, which can
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be applied to any of these tables. For example, in Table 5.12, we can have
L(1,3) =1, L(2,3) =3, L(3,3) =6, L(4,3) =12, L(4,4) = 18.

All of these can provide a nexus between the numerical results in this paper and the recent combi-
natorial work of Shattuck [76], who provided a framework for these and other identities satisfied by
the Leonardo numbers in the notation of section 5.3 and other generalized and extended Fibonacci

numbers. The initial step in extending Corollary 5.3.19 is
Wy = Wp—1 + Wn—o+in+j, n>2 5> —4
and
Wy = Wp—1 + Fry1 — 1. (5.115)

One can then extend the process to other second order sequences (Ollerton and Shannon [64]) or
to other orders and other dimensions (Shannon [71]) for further related combinatorial properties.

In this way, one can relate
Wy = Wp—1 + Wn—o+itn+j n>2 t>1,

and

Wy = w1 + FF, (5.116)

n

in which F,[f] is hyper-Fibonacci sequence, as in Table 5.11, the rows of which as k increases can be
seen as staked on top of one another for a third dimension. These can be developed further (Bahsi

and Solak [5]). We note the neat recurrence relation

R = F, Y, k>0 5.117)
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with boundary conditions F,[IO} = F, and F(gk] = 0; and with an elegant characteristic polynomial
(.’IJ2 - = 1)($ - 1)k7

so that

n .
Fl¥ :;<k+z:i_1>pj; (5.118)
see Komatsu and Szalay [43] for details, including their relation to the infinite matrix in which F,[Lk]
is the entry in the n-th row and k-th column, and from there to Stirling numbers of the first kind.
In addition, this chapter has delved into the fascinating realm of infinite series, particularly
focusing on sequences that generalize the famous Fibonacci sequences and their extensions. By
referencing the seminal work of Melham and Shannon [58] from three decades ago, the chapter
establishes a foundation for its exploration. The summary presented in Table 5.1 serves not only
to encapsulate the findings of this study but also to encourage further inquiry and extension by
interested readers.

The novel theorems provide crucial insights into the convergence conditions of the infinite series
derived from these sequences. Moreover, by drawing upon the work of esteemed mathematicians
such as Henry Gould, Rudi Lidl, Harald Niederreiter, and Morgan Ward, alongside the referenced
work of Melham and Shannon, this chapter bridges contemporary research with established math-

ematical foundations, enriching the discourse on infinite series and their underlying properties.
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CHAPTER 6

ON ALGORITHMS FOR REPRESENTING POSITIVE ODD INTEGERS AS THE SUM OF
ARITHMETIC PROGRESSIONS
6.1 Background

Since 1844, there has been an interest in representing numbers as the sum of a sequence of
consecutive integers. Initially, Sir Charles Wheatstone [94] represented certain powers of an in-
teger as sums of arithmetic progressions. Then, Sylvester and Franklin [85] published a result to
determine the number of ways a positive integer can be represented as the sum of a sequence of
consecutive integers; this result has since been called Sylvester’s Theorem, and there have been
many attempts to extend this theorem to sums of different types of sequences, such as sums of
certain arithmetic progressions (Munagi and de Vega [60], Munagi and Shonhiwa [61]) and sums of
powers of arithmetic progressions (Shiue et al. [78], Shiue et al. [79]).

Recently, the manuscript duology of Ho et al. [29] and Ho et al. [30] extended Sylvester’s Theo-
rem to describe a procedure to compute the number of ways a positive integer can be represented as
a sum of arithmetic progressions. They also extended Wheatstone’s original work by studying cer-
tain relationships among the representations of different powers of an integer as sums of arithmetic
progressions; this is done by using the method delineated in Junaidu et al. [40].

In this chapter, we present theorems and algorithms that enable us to represent positive odd
integers m as arithmetic progressions of the form m =a+ (a+d)+---+ (a+ (r —1)d). In Section
6.2.1 and 6.2.2, we explore the case where r is odd and even, respectively. Two corollaries follow
that outline how many ways powers of primes can be written as arithmetic progressions under
certain conditions. We provide computationally efficient algorithms corresponding to the theorems

and corollaries mentioned in their respective sections.
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6.2 Main Results

Let m > 1 be a positive odd integer represented as a sum of an arithmetic progression, i.e.,

m=a+(a+d)+---+ (a+ (r—1)d), (6.1)

where a,d € N. In this section, we present algorithms for computing the number of ways that m

can be represented as (6.1) when r is an odd integer > 3 and r is an even integer > 2.

6.2.1 r>3odd

Theorem 6.2.1. Let m > 1 be a positive odd integer, not a prime, and let

m=a+(a+d)+---+ (a+ (r —1)d), (6.2)

where a,d € N and r is odd > 3. Then,

d;

(UT’\m,lgdgV(m_T)J moro1

Am=r da—= "
r(r—1) »anda 2

(ii). 3<r< TH\QWJ < W%J

(iii). There are
=20l 63

number of ways to write m as (6.2).

r—1 2m

> d). Then, 2m = r(2a + (r — 1)d), or =

Proof. (i). By (6.2), we have m = r (a + (

2a + (r — 1)d. Since r is odd, we have r | m and e+ ca Solving for a, then
-1 -1 2(m —
a:@—r d. SinceaZl,wehave@—r d21,whichimplieslgd§M.
r r r(r—1)
s 2(m —r) 2
(ii). From Prr— > 1, we have 2(m —r) > r(r —1). Then 2m — 2r > r° — r. Hence,
r(r—

2 +r—2m < 0. Since r > 3, we have 3 < r < {

—1+\/1+8mJ
2

. Since m is positive,
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2
4v2m > 0. Then 4v2m + 8m + 1 = (2\/2m 4 1) > 8m -+ 1. Then 2v/2m + 1 > v3m + 1.

—1++1
Simplifying this, we have {WJ < L\/ QmJ.

20m—r
(iii). For each r | m, each d between 1 and L((l))J is a way to represent m as an arithmetic
r(r—

progression. To find total number of ways, the sum is taken.

O

Note that if r = 1, we have the arithmetic progression reduced to m = a. Hence, r is assumed

to be odd and > 3.

When m = p, where p is an odd prime number, we have the following corollary.

Corollary 6.2.2. Let m = p¥, p > 3 a prime number and k > 1 an integer, and let
pr=a+(at+d)+-+(at (r—1)d), (6.4)

where a,d € N, r > 3 odd. Then,

(i) r=p’, 1<j< m
(). 1gdg2v;j__11J anda:pk_j—%(pj—l)d;

(iii). There are

number of ways to write p* as (6.4).

Proof. Since m = p”, where p is a prime, then r | m means that r | p¥. Hence, we have r = p/,

k
1<5< {QJ . Substitute m = pk into the results in Theorem 6.2.1, we obtain the results for this

corollary. O

Another way of listing the ways that a positive odd number can be represented in the form of

(6.2) is as follows:
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Remark 6.2.1. Let m > 1 be a positive odd integer, not a prime, and represented by 6.2. Let

M = @, where v is odd > 3. Then there are
r

S=>d

rlm

M—-1
number of ways to write m as (6.2), where 1 <d <2 { J

r—1

Proof. Since m =a+ (a+d) +---+ (a + (r — 1)d), where r is odd > 3, we may set up

1 1
m:<M—T2 d>+~-+M+(M+d)+---+<M+T2d>.

r—1

-1
Since M — er >1, we have M — 1 > d. Since d > 1, we have

r —

1
5 d. This gives each a.

In addition, by (i) of Theorem 6.2.1, we have a = M —

Thus, we have

S=) d

rlm

6.2.2 r > 2 even

Throughout this section, we consider even r. When r = 2, m is represented by the sum of two

positive integers, which is trivial. When r > 2, we have the following result.

Theorem 6.2.3. Let m > 1 be a positive odd integer expressed as (6.2), where a,d € N and r = 2t,

with t > 1. Then,
(i). t and d are odd;
(i1). m > 21;
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(iii).

(iv).
(v)-

—1++v14+4m
4

t|m(md1<t§{

J < [vm];

1<d< {m—Qt)J andaz%(%—(%—l)d);

t(2t —1
There are
_ 9 g+1
S= > 5+ D> 5 (6.7)
tlm, g€k tlm, g€
m — 2t ) o

where g = L(%DJ ways to write m as the form of (6.2), where g is either E (even) or O
(odd).

-1 2
Proof.  (i). From (6.2), we have m = r <a + <T2d>) Next, UL YA (r — 1)d, we have
r

. Since d is odd, we need to count the number of odd numbers between 1 and {

r | 2m. Let r = 2t with ¢ > 1, then ? = 2a+ (2t —1)d. If m is odd, then ¢ is odd. Note that

2a is even and ? is odd, so d is odd.

5

. We consider the smallest numbers a =1, d =1, and r = 6. Thus, m > 6(1 + 5) = 21.

— 2at — _
T _a Since a > 1, then m — 2al < m — 2t .
t(2t—1) — t(2t—1)

From % = 2a + (2t — 1)d, we have :(12757_1)

— 9t 1
Hence 1 <d < L(n;t—l)J Solving for a, we have a = 5 (% — (2t — 1)d).
m — 2t 9
. From m > 1, we have t(2t — 1) < m — 2t. Then 2t +t —m < 0. Hence, t <
-14++v1+4
{WJ To further lower the upper bound, observe that since 0 < 8y/m, 0 <

8v/m + 12m. Then 4m + 1 < 8/m + 16m + 1 = (4y/m + 1)2. Simplifying this, we have
—14++v1+4m
ST

m — 2t
t(2t — 1)J’
m — 2t
t(2t — 1)

odd numbers.

inclusive. Let g = { J If g is even, then there are g odd numbers. If g is odd, then

there are 9+
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Corollary 6.2.4. Let m = p¥, p > 3 a prime number and k € N, and let

Pr=a+(at+d)+- -+ (a+(r—1)d), (6.8)
where a,d € N, d odd, and r > 2 even. Then,
(Z)‘ 7“:2]?], 1§] g \‘2J;
g pk*j - 1 k—j .
(ii). 1 <d< o1 andazi(p —(2p]—1)d>;
(iii). There are
5] -
1 /|pF77 -2
= — ; 1 .
=3 a5 &
number of ways to write p* as (6.4).
Proof. Since p is prime and m = p*, then r =2t and t | m gives r =2t =2p’, 1 < j < 5|
, —2t k_op k=i 2
Next, since r = 2p/ = 2t and m = p¥, we have mz2 |\ P P —|P_
(2t — 1) P (2p7 — 1) 2pi — 1
k—j _ 9
Lastly, since d is odd, we have the number of odd numbers in the interval 1 < d < p2pj 7 J
1/|prFi—2
1 —| | = 1]]. O
et o3 (|55 ) +1)

6.3 Algorithms

In this section, we present algorithms corresponding to our main results.

6.3.1 7 >3 odd

By using Theorem 6.2.1, we have the following Algorithm 17.
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Algorithm 17 Finding the number of ways S to write m as a sum of arithmetic progression when
risodd and 3 <r < L\/2mJ

Input: Positive odd integer m (not prime)
Output: S
1: Define integers ¢ = L\/%J, r=3,95=0
2: while r < ¢ do

3:  if m =0 (mod r) then

5: S=8S+4g
6: end if
7. r=r+2

8: end while

9: There are S number of ways to write the given m as the form (6.2) when r > 3 is odd.

The overall time complexity of this algorithm is determined by the number of iterations of
the while loop. In the worst case, the while loop iterates until r exceeds q. Therefore, the time
complexity is O (%) = O(q).

The next algorithm computes the number of ways an integer m = p* can be represented as a

sum of arithmetic progressions based on Corollary 6.2.2.

Algorithm 18 Finding the number of ways S to write m = p¥ as a sum of arithmetic progression
when r > 3 is odd

Input: Positive odd integer m = pk, p prime, and k£ > 1 integer
Output: S

kJ,j—l,S—O

1: Define integers ¢ = {2

2: while j < ¢ do
k—j _ 1
3: g = 2 \‘p, J

pl =1
4: S=S5+g
5 j=73+1
6: end while
7: There are S number of ways to write the given m as the form (6.2) when r > 3 is odd and

m = p¥, where p is a prime and k > 1 integer.

The next algorithm lists all possible ways to write m as sums of arithmetic progressions for a
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given m and r from algorithm 17.

Algorithm 19 Listing the possible ways to write m as a sum of arithmetic progressions

Input: Positive odd integer m not prime.
Output: Prints all .S ways
1: Define integers ¢ = L\/ 2mJ, r=3

2: while r < g do
_|2(m—r)
Q—M_UJ
4:  if m =0 (mod r) and g # 0 then

w

5: ford=1,...,gdo
6: azm—(r_l)d
r 2
7 Print ‘ m=a+ (a+d)+---+ (a+ (r—1)d)’
8: end for
9: end if

100 r=r+2

11: end while

Similarly, this algorithm also has the time complexity O(q - g) = O(q). Although there is a for
loop inside the while loop, since the operations take O(1) and g is a constant factor, we can factor

it out of the big-O notation.
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6.3.2 r > 2 even

Algorithm 20 Finding the number of ways to write m as a sum of arithmetic progression when
r = 2t, with ¢ > 1 odd

Input: Positive odd integer m (not prime)

Output: §
1: Define integers ¢ = [v/m|,t=3,5=0
2: while t < ¢ do

3:  if m =0 (mod t) then

L | m— 2t
9T e
5: if g (mod 2) =0 then
6 Sl = g
7 else
+1
8 SQ = gT
9: end if

10: S =51+5
11:  end if

122 t=t+2

13: end while

14: There are S ways to write the given m as the form (6.2) when r = 2¢, with ¢ > 1 odd.

Similarly, this algorithm should achieve the time complexity O(q).
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The next algorithm is similar to Algorithm 18, with r > 2 is even.

Algorithm 21 Finding the number of ways S to write m = p¥ as a sum of arithmetic progression
when r > 2 is even

Input: Positive odd integer m = p¥, p prime, and k > 1 integer
Output: S

1: Define integers ¢ = V;J ,7=1,8=0

2: while j < ¢ do

1 /pk—d —

)

4 S=8+g

5 j=j+1

6: end while

7. There are S number of ways to write the given m as the form (6.2) when r > 2 is even and

m = p¥, where p is a prime, and k > 1 integer.

The next algorithm lists all sums of arithmetic progressions for a given m and r = 2t¢, with

t>1 odd, from algorithm 20
Algorithm 22 Listing the possible ways to write m, m odd not prime, as a sum of arithmetic

progressions

Input: Positive odd integer m not prime.
Output: Prints all S ways
1: Initialize integers ¢ = [v/m], t =3
2: while t < ¢ do
N | m—=2t
SR FToT

4:  if m =0 (mod t) and g # 0 then

5: ford=1,...,9do
1
6: o= (T—(zt—l)d)
2\t
7: Print ‘ m=a+ (a+d)+---+ (a+ (r—1)d)’
8: end for
9: end if
10: t=t+2

11: end while

Similarly, this algorithm also has the time complexity O(q - g) = O(q).
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6.4 Examples

Example 6.4.1. Let m = 65. How many ways can we write m as a sum of a sum of arithmetic

progressions?

Case I. v > 3 odd. Use algorithm 17.

First, q = Lv 2mJ = L\/ 13OJ =11 and 3 < r < 11. Since m = 65, then r = 5. Computing the
2m —

quantity Z M for r =5, we have S = 6. Thus, there are 6 ways to write m = 65 as a
‘ r(r—1)
T|m

sum of arithmetic progressions when r > 3 is odd.

2065 —
To list the possible ways, we use algorithm 19. Now, for r =5, g = {MJ = 6. We

iterate over each d from 1 to 6. Then

d=1 gives a =11
d=2 givesa=9
d=3 givesa=17
d=4 givesa=25
d=>5 givesa =3

d=106 givesa=1
Then we have the following list:

65=11+12+---+15
65=9+11+---+17
65=T7+10+--+19
65=5+9+-- 421
65=3+8+---+23

65=1+7-+---+25

Case II. r = 2t with t € N odd. Use algorithm 20.
First, ¢ = {\/65J = 8. Then 3 <t < 8. The only t that divides m = 65 ist = 5. Now,
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g =1, there is only one way to write m = 65 as a sum of arithmetic progressions when t = 5. The

parameters are a = 2 and d = 1, which gives
66 =2+3+4+---+11.

In total, there are 7 ways.

Example 6.4.2. Let m = 1125. How many ways can we write m as a sum of arithmetic progres-
sions?
Case I. v > 3 odd. We use algorithm 17.

First, q = L\/sz - L\/2250J — A7, Then, 3 < r < 47. Since m = 1125, r = 3,5,9, 15, 25, 45.

Now, let g(r) = Li({:__f))J Then,

r | g(r)
3| 374
5 | 112
9 31
15| 10
25 3
45 1

7 531

There are 531 ways to write m = 1125 as a sum of arithmetic progressions when r > 3 is odd.
To list the possible ways, we use algorithm 19.

For r = 3, there is a total of 374 ways (374 +1—1=374):

1125 = 374 + 375 + 376

1125 =373 + 375 + 377

1125 =2 4 375 + 748

1125 = 1+ 375 + 749
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23 -1

2
For r =5, there is a total of 112 ways < +1= 112):

1125 =223 4224 4 - - - + 227

1125 = 221 4223 4 --- 4+ 229

11256 =3+ 114 + - - - + 447

1125 =1+ 113 +--- + 449

121 -1
For r =9, there is a total of 31 ways < 1 +1= 31) :

1125 =121 4122 4 --- 4129

1125 =117+ 119+ --- + 133

1125 =5+354--- 4245

1125 =14+32+--- 4+ 249

68 — 5

For r =15, there is a total of 10 ways ( +1= 10> :

1125 = 68 4+ 69 + - - - + 82

1125 =61 +63 +--- + 89

1125 =124+214--- + 138

1125 =5+15+--- 4+ 145
For r = 25, there is a total of 3 ways:

1125 =33 + 34+ --- + 57
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1125 =21+4+23 +---+69

1125 =9+ 12+ --- 481
For r =45, there is only 1 way:
1125 =3+4+--- +47

Case II. r = 2t, with t € N odd. We use algorithm 20.
First, ¢ = L\/ﬁj = {\/ 1125J = 33. Then, 3 <t < 33. Since m = 1125, the possible values of t

are 3,5,9,15,25. Then,

t g(t)
3 74
5 24
9 7
15 2
25 1
4 24 T+1 2 1+1
P PP SR e

There are 54 ways to write m = 1125 as a sum of arithmetic progressions when r = 2t, with t € N

odd.

In total, there are 585 ways.

Example 6.4.3. Let m = 6125. How many ways can we write m as a sum of arithmetic progres-

stons?
Case I. r > 3 odd. We use algorithm 17.
First, q = L\/sz — {\/12250J — 110. Then, 3 < r < 110. Since m = 6125, r = 5,7, 25, 35, 49.
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Now, let g(r) = LMJ Then,
ro| g(r)
5 | 612
7| 291
25| 20
35| 10
49 )
5| o

There are 938 ways to write m = 6125 as a sum of arithmetic progressions when r > 3 is odd.

To list the possible ways, we use algorithm 19.

For r =5, there is a total of 612 ways (1223 — 14 1 = 1223):

6125 = 1223 + 1224 + - - - + 1227

6125 = 1221 + 1223 + --- + 1229

6125 =34+ 614 4 - - - 4 2447

6125 =14 6134 --- 4 2449

872 — 2
Forr =17, there is a total of 291 ways < 3 +1= 291):

6125 = 872 + 873 + - -- + 878

6125 = 869 4 871 + - - - 4- 881

6125 =5+4+295+--- 4+ 1745

6125 =2+293 +--- 4+ 1748
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23 -5
12

2
For r = 25, there is a total of 20 ways < +1= 20) :

6125 =233 + 234 + .- - + 257

6125 = 221 + 223 + - -- 4 269

6125 =17+ 36+ --- 4+ 473

6125 =5+425+--- + 485

158 -5
17

For r = 35, there is a total of 10 ways ( +1= 10> :

6125 = 158 + 159 + - -- 4+ 192

6125 = 141 4+ 143 4 --- + 209

6125 =22+ 314 --- 4328

6125 =5+ 15+ ---+ 345
For r = 45, there is a total of 5 ways:

6125 =101 + 102 4 - - - + 149
6125 =77+ 794 --- 4+ 173
6125 = 53 + 56 + --- 4+ 197
6125 =29 +33 +---+221

6125 =54+ 10+ --- + 245

Case II. r = 2t, with t € N odd. We use algorithm 20.
First, q = |/m| = [\/6125J — 78, Then, 3 < t < 78. Since m — 6125, t = 5,7,25,35, 49.
Then,
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t 9(t)
5 135
7 67
25 4
35 2
49 1
35+1 67/+1 4 2 1+1
S | 106 = ; + ; +§+§+%

There are 106 ways to write m = 6125 as a sum of arithmetic progressions when r = 2t, witht € N

odd.

In total, there are 1044 ways.

Example 6.4.4. Let m = 7° (Ho et al. [29]). How many ways can we write m as a sum of

arithmetic progressions?
c |k
Case I. r > 3 odd. Using Algorithm 18, we have p =7, k=5, r =7, {2J =2,and j =1,2. Let

o) = |22 e,

7 90)
1| 800
2| 14
5| su

There are 814 number of ways of writing 7° as Eq. (6.4) when r > 3 is odd. To list the possible

ways, we use algorithm 19.
2398 — 1

1 =800 ):
7 +1=a)

For j =1, there is a total of 800 ways (

16807 = 2398 4 2399 + - - - 4- 2404

16807 = 2395 + 2397 + - - - + 2407
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16807 =44 803 + - - - + 4798

16807 =14 801 + - -- 44801

319 -7
For j = 2, there is a total of 14 ways ( o = 14) :

16807 = 319 + 320 + - - - + 367

16807 = 295 4297 + - -- + 391

16807 =31 +44+---+ 635

16807 =7+ 214 --- + 679

5
Case II. r = 2t, t € N odd. Using Algorithm 21, we have q¢ = BJ = 2. Then j = 1,2. Let

NN

Then,
7| 90)
11 92
2 2
? 94

There are 94 ways to write 7° as Eq. (6.4) when r > 2 is even.

In total, there are 908 ways.

Example 6.4.5. Let m = 3'°. How many ways can we write m as a sum of arithmetic progressions?
Case I. r > 3 odd.

- |10 2(7579 -1
Using Algorithm 18, we have r = 37, {QJ =5, and j=1,2,---,5. Let g(j) = L(WlJ
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Then,

7| 90)
1| 19682
2 | 1640
3| 168
41 18
50 2

5 | 21510

Thus, there are 21510 ways of writing 3'° as Eq. (6.4) when r > 3 is odd.

Case II. v > 2 even.

Using Algorithm 21, we have r =2-37, j =1,2,--- ,5. Let g(j) = B <p2l;]]__12 + 1>J
Then,
7| 90)
1 ] 1968
2| 193
3 21
4 2
) 0
? 2184

There are 2184 ways of writing 3*° as Eq. (6.4) when r > 2 is even.

In total, there are 23694 ways.

6.5 Conclusion

We presented novel theorems and algorithms concerning the representation of a positive odd
integer m as arithmetic progressions. The presented results greatly expand upon the work of the
manuscript duology of Ho et al. [29] and Ho et al. [30], co-authored by Professor Chungwu Ho to
whom this manuscript is dedicated. Historically, there has been a great interest in representing
integers and powers of integers as sums of arithmetic progressions. Notably, Sylvester’s Theorem

has received much recent attention in the field of number theory. We extended Sylvester’s Theorem
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to include results for all positive odd m.

We solved the problem of counting the total number of ways one can represent m as a sum
of arithmetic progressions. In doing so, we considered the two distinct cases of odd r and even r.
We found that partitioning the solution in such a way results in convenient mathematical results
and highly efficient computational algorithms; the mathematical convenience motivates a further
exploration of sums of arithmetic progressions, and the efficient algorithms encourages the adoption
of the presented results. Representing positive even integers as the sum of arithmetic progressions

will be a focus of future work.
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